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Predicting choice from neural activity
We used our models to predict the choice of an animal from neural 
activity. We performed a cross-validation procedure with the same two 
non-overlapping data splits D1 and D2 as used for the model selection. 
We used the models fitted on the dataset 1D  to predict the choice of the 
animal on the dataset D2, and vice versa, and reported the average accu-
racy over the two data splits. We applied the Viterbi algorithm to neural 
activity on validation trials to predict the most probable latent path 

̂X t( ). By the design of the Viterbi algorithm with absorbing boundary 
conditions, the trajectory must terminate at one of the domain bound-
aries, therefore we predicted choice as the value of x(tE) at the trial end.

As a baseline for the comparison with our models, we also predicted 
the choice of the animal with a logistic regression decoder using the 
same two data splits for the decoder training and validation. As an input 
to the decoder, we have provided a vector of spike counts measured in 
75-ms bins sliding in 10-ms steps on single trials. We truncated each trial 
at 0.5 s after stimulus onset resulting in a 42-dimensional input vector 
for single neurons and 42 × M dimensional input vector for populations, 
where M is the number of neurons in the population. We normalized 
the inputs to have zero mean and unit variance across trials for each 
condition in each time bin.

Our data are imbalanced as monkeys make more correct choices than 
errors, especially on easy trials. We therefore report balanced accuracy 
for both our models and the linear decoder (Fig. 4e). The balanced 
accuracy is the average between true-positive and true-negative rates.

The accuracy of choice prediction did not change when replacing the 
tuning functions and potentials with linear approximations (Extended 
Data Fig. 9b), showing that the accuracy of choice prediction does not 
uniquely identify single-trial dynamics.

Spiking network model
We simulated a spiking recurrent neural network model of decision- 
making with the same parameters as in ref. 33 using the Python package 
Brian 2 (ref. 74). We only changed the value of the N-methyl-d-aspartate 
(NMDA) conductance for inhibitory neurons from gNMDA = 0.13 nS to 
gNMDA = 0.128 nS to match the reaction times of the spiking network to 
the experimental data. We simulated four stimulus conditions based 
on the stimulus difficulty (easy versus hard) and side (left versus right) 
for comparison with our PMd data. We set the stimulus coherence 
parameter c = 17.5% for easy-stimulus and c = 7.5% for hard-stimulus 
conditions and generated approximately 3,200 trials of data per 
condition. The reaction time was defined on each trial as time when 
one of the population firing rates (smoothed with a moving average 
over a 200-ms time window) crosses the threshold of 30 Hz. We fitted 
our population model to the responses of two neurons from each of 
the two selective excitatory pools (that is, four simultaneous neural 
responses in total). We performed the same shared optimization across 
four conditions as for the PMd data using the same hyperparameters 
for optimization and model selection. To obtain the decision mani-
fold for the network model (Fig. 5e), we plotted the inferred tuning 
functions of two neurons from different excitatory pools against each 
other, because tuning functions of all neurons from the same pool  
are identical.

We used the mean-field approximation to reduce the dynamics of 
the network to a two-dimensional dynamical system model with the 
same parameters as for the spiking network34. The mean-field dynamics 
are described by two variables si (i = {1, 2}) representing activations of 
NMDA conductance for two excitatory neural pools:

s
s
τ

s γf I˙ = − + (1 − ) ( ), (17)i
i

s
i i

where γ = 0.641 and τs = 100 ms. The firing rate ri of neural pool i is a 
function of the total synaptic current Ii
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with a = 270 Hz nA−1, b = 108 Hz, d = 0.154 s. The synaptic input to neural 
pool i includes recurrent and external stimulus currents:

I J s J s I I= + + + . (19)i i j i11 12 stim, bg

The effective connection weights are J11 = 0.2609 nA and J12 =  
−0.0497 nA. The background current is Ibg = 0.3260 nA. The stimulus 
current is I c= 0.0208 � (1 – )stim,{1,2}  nA, with the stimulus coherence 
c ∈ [−1, 1].

To find the stable and unstable fixed points on the phase plane, we 
numerically found zeros of the flow field 

→
R s s( , )1 2  of the two-variable 

mean-field model in equation (17). We numerically solved the equa
tion 

→
R s s( , ) = 01 2  starting from a few different initial conditions using  

MATLAB fsolve function. To find the stable and unstable manifolds of 
the saddle, we followed the path along 

→
R s s− ( , )1 2  and 

→
R s s( , )1 2 , respec-

tively, starting the trajectory near the saddle point.

Low-rank network model
To illustrate how diverse tuning to the decision variable arises from the 
interplay between recurrent connectivity and firing-rate non-linearity, 
we designed a rank-two recurrent neural network (RNN) that replicates 
the classical attractor dynamics with distributed connectivity. The 
network dynamics are governed by the equations:

y y Jy b˙ = − + [ + ] . (20)+

Here vector y ∈ NR  represents synaptic activation variables yi of RNN 
units (i = 1, …N), and vector Rb ∈ N represents the constant input bi to 
each unit. The recurrent connectivity matrix J ∈ N N×R  has rank two, 
such that J = M ⋅ QT is an outer product of matrices M ∈ N ×2R  and 
Q ∈T N2×R . The rectified linear activation function [⋅]+ models the 
firing-rate non-linearity of single neurons. The firing rate of neuron i 
is r h b= [ + ]i i i +, where h J y= ∑i j

N
ij j=1  is the recurrent input to neuron i,  

and (hi + bi) is the total synaptic input current to neuron i.
The dynamics of this rank-two RNN are governed by two-dimensional 

mean-field variables z = QTy, which follow the equations:

z z Q Mz b˙ = − + [ + ] . (21)T
+

We designed the connectivity matrices39 M and QT so that the 
two-dimensional flow field in equation (21) replicates the flow field  
of the classical mean-field attractor network in equation (17) for  
zero stimulus coherence c = 0. We chose the elements of M to be 
m πi N= cos(2 / )i,1  and m πi N= sin(2 / )i,2 , and sampled the elements of 
the input vector b randomly from a uniform distribution on [−0.06 
to 0.06]. Next, by equating the RNN flow field in equation (21) to the 

target flow field 
→
R z( ) in equation (17) we obtained

→
Q Mz b R z z[ + ] = ( ) + . (22)T

+

This relationship defines a linear regression problem for determin-
ing the elements of the matrix QT. Accordingly, we uniformly sampled 
K points zk (k = 1, …K) from the state space [0, 1] × [0, 1] and evaluated 
the terms in equation (22) at these points to obtain matrix RA ∈ N K×  
with columns a Mz b= [ + ]k

k
+  and matrix RB ∈ K2×  with columns 

→
b R z z= ( ) +k

k k. We then found QT by solving QTA = B using ridge regres-
sion with a regularization parameter λ = 0.01.

We present results for an RNN with N = 500 units (Fig. 5 and Extended 
Data Fig. 10). We simulated the RNN trajectories for the left and right 
choices by initializing the RNN near the low-activity baseline state with 
a slight bias towards the corresponding attractor. We chose the initial 
conditions z(0) = (0.12, 0.106) for the left choice and z(0) = (0.106, 0.12) 



for the right choice, and computed the corresponding initial conditions 
for y as y Q z(0) = ( ) (0)T + , where Q( )T + is a pseudoinverse of QT. We para-
metrized the resulting trajectories with a decision variable x ∈ [−1, 1], 
where −1 and 1 correspond to the left and right choice attractors, respec-
tively, and 0 corresponds to the symmetric initial state. We defined x 
to increase linearly with the cumulative arc length along the trajecto-
ries, such that x grows at a uniform rate along the trajectory length. 
The tuning curve of each neuron is defined by its firing rate along these 
trajectories as a function of the decision variable x.

Statistics and reproducibility
The sample sizes used in this study are consistent with standard prac-
tices in systems neuroscience involving non-human primates6,8,12,29. Data 
were collected from two macaque monkeys (75 sessions for monkey 
T and 66 sessions for monkey O), providing a robust number of ses-
sions per animal. No statistical methods were used to predetermine 
sample size. All key findings were replicated in both monkeys. No ran-
domization or blinding was performed because there was only one 
experimental group. Investigators were not blinded to the identity of 
the animal during data collection. Trial types were assigned randomly 
by the task control software. All statistical tests were two-sided unless 
otherwise noted.

Reporting summary
Further information on research design is available in the Nature  
Portfolio Reporting Summary linked to this article.

Data availability
The neural recording data are available on Figshare (https://doi.org/ 
10.6084/m9.figshare.29052116.v1 (ref. 59)). The synthetic data used in 
this study can be reproduced using the source code.

Code availability
The source code to reproduce the results of this study is available as the 
NeuralFlow Python package on GitHub (https://github.com/engellab/
neuralflow (ref. 75)) and archived on Zenodo61 (https://doi.org/10.5281/
zenodo.15426288).
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Extended Data Fig. 1 | The duality between neural tuning and population 
geometry. a, Time-averaged responses of N neurons to K stimuli form an N × K 
neural response matrix (top). The columns of this matrix are points in the neural 
population state space, where each axis corresponds to the firing rate of one 
neuron and each point represents a stimulus (middle, purple point indicates the 
ith column, which is the population response pattern for stimulus i). Population 
geometry refers to the arrangement of these points in the population state 
space. The rows of the same neural response matrix define the tuning curves  
of individual neurons to the stimuli (lower panel, orange curve indicates the jth 
row, which is the tuning curve of neuron j). b, Time-varying neural activity 
during cognitive tasks is often described by an N × T × K tensor containing 
trial-averaged responses of N neurons at T time points during the trial across  
K task conditions (top). Each N × T sub-matrix of this tensor is a trial-averaged 
population trajectory in the corresponding task condition (middle). Each row 
of this sub-matrix is the trial-averaged firing rate of one neuron over time (lower 
left). Traditionally, selectivity (tuning) of a neuron has been characterized as 
the dependence of its trial-averaged firing rate on the external task variable 
(task condition) at a specific time in the trial (orange squares in the top panel), 
as illustrated for neuron j at two different times (lower right, ti mint shading, tT 
pink shading). Since single neurons have complex temporal response profiles, 
their selectivity for external variables often changes over time. For example, a 

neuron may show higher firing rate in one condition early in the trial but shift  
its preference to the other condition toward the trial end (lower right). Thus, 
tuning/selectivity for external task variables lacks temporal consistency and 
has no dual relationship with neural population trajectories. c, Rather than 
selectivity for external task variables, we consider neural tuning to internally 
generated dynamic variables that implement cognitive computations. The 
dynamic variables evolve with distinct time courses on single trials (top right). 
Tuning functions describe how firing rate of a neuron depends on the value of 
the dynamic variable, independent of time in the trial or task condition (top 
left). These tuning functions uniquely specify the representational geometry  
of the dynamic variable in the population state space, precisely as they do for 
sensory stimuli (cf. panel a). For example, the value of the decision variable at 
any given time is encoded by the position of population activity along a one-
dimensional manifold in the population state space (middle left). The 
population trajectories traverse this manifold as they evolve toward one or 
another choice on each trial. The shape of these population trajectories is 
uniquely specified by tuning functions of single neurons to the decision 
variable (lower panel), with the exact same dual relationship between neural 
tuning and population geometry as for sensory stimuli. The dynamics of the 
decision variable describe how population activity progresses along this 
manifold on single trials (middle right).



Extended Data Fig. 2 | Our modeling framework dissociates dynamics  
and geometry of neural representations on single trials. Our modeling 
framework can generate data with identical dynamics but different geometry, 
or vice versa, thus dissociating the dynamics of the latent variable x(t) from the 
geometry of its representation in the neural population state space. Synthetic 
data generated by our model with the latent dynamics defined by: a,b, a single-
barrier potential; c,d, a two-barrier potential (first column). For each latent 
dynamics, we generate spike data for one example neuron using either linear 
(a,c) or nonlinear non-monotonic (b,d) tuning functions (second column), 
which define the encoding geometry of the latent variable in the firing rate 

space. These qualitative differences in the dynamics and geometry of neural 
responses are conflated in the trial-averaged firing-rate traces (third column, 
PSTH). PSTH is computed over 1,000 trials sorted by choice, which is defined  
as the boundary to which the latent trajectory converged on each trial. PSTH  
is shown until the mean reaction time, error bars are s.e.m over trials. The 
different dynamics and geometry are also difficult to discern in stochastic 
spike trains (fourth column, spikes are shown for 20 example trials colored  
by choice). In all simulations, the initial state distribution p0(x) is a narrow 
Gaussian centered at x = 0. The noise magnitude is D = 0.2 (a,b) and D = 0.5 (c,d).
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Extended Data Fig. 3 | Trial-averaged responses conflate dynamics and 
geometry of neural representations. a, We generated spikes from our model 
for one example neuron in two conditions, which had different dynamics (left; 
red – condition 1, steep potential; pink – condition 2, shallow potential) but the 
same tuning function in both conditions (center). For these synthetic data, we 
computed trial-averaged firing rate (PSTH, right) in each condition sorted by 
choice (defined as the boundary to which the latent trajectory converged on 
each trial; red – right choice, green – left choice). On the right-choice trials, the 
trial-averaged firing rates are distinct in two conditions (c.f. red and pink PSTH 
traces), despite single-trial firing rates evolve along the same path defined by 
the condition-invariant tuning function. These differences in the PSTH result 
from different speed of neural dynamics in two conditions. In condition 2, the 
trajectories x(t) evolve slower towards the right boundary than in condition 1 
(due to shallower potential), hence single-trial firing rates increase slower. 
Accordingly, at a fixed time after the trial start, the firing rate reaches a lower 
value on average in condition 2 than in condition 1. Thus, differences in dynamics 

between conditions appear as differences in the trial-averaged firing rate 
traces. b, Very similar trial-averaged responses (right) can also arise from the 
model, in which the dynamics are the same in two conditions (left) but the 
tuning function is different between conditions (center; blue – condition 1; 
light blue – condition 2). In this case, PSTH differences between conditions  
on the right-choice trials result from different single-trial firing rates defined 
by the different tuning function in each condition, while the dynamics are 
condition-invariant. Thus, trial-averaged responses conflate the dynamics and 
geometry of neural representations, as similar trial-averaged responses can 
arise from differences in the dynamics (panel a) or tuning functions (panel b) 
between conditions. The same picture applies to all neurons in the population, 
which entails that the geometry of the trial-averaged population activity does 
not uniquely define a model of single-trial neural population dynamics. In all 
simulations, the initial state distribution p0(x) is a narrow Gaussian with the 
center indicated by a dashed grey line. The noise magnitude is D = 0.27.



Extended Data Fig. 4 | Validation of the inference framework in experimental 
data. a, Potential governing single-trial population dynamics in the anterior 
lateral motor cortex (ALM) of mice during the delay period of a delayed-response 
auditory discrimination task31 (lower panel). The potential, shared between left 
and right stimulus conditions, was discovered from spikes of 6 simultaneously 
recorded ALM neurons. The potential shape reveals three discrete attractor 
wells separated by barriers. The inferred initial state distribution p0(x) peaks 
near the left attractor on the left stimulus trials (red) and near the right attractor 
on the right stimulus trials (green), while also carrying substantial weight near 
the middle attractor (upper panel). b, The inferred tuning functions shared 
across stimulus conditions for 6 neurons from the population in panel a.  

Error bars in panels a,b are s.t.d. over 10 bootstrap samples. c, Latent trajectories 
x(t) decoded with the fitted model from the population spiking activity on each 
correct (upper row) and error trial (lower row) for left (left column) and right 
stimulus (right column). Black triangles mark the latent state at the end of the 
delay period on each trial. Histograms to the right of each panel show the 
distribution of latent states at the end of the delay period across trials. d, Same 
as panel c for latent trajectories x(t) decoded from the population spiking 
activity on photoinhibition trials using the model fitted to unperturbed trials. 
Bilateral photoinhibition started at the delay period onset and was deployed 
for 600 ms, followed by a 400 ms ramping down of inhibition (blue strip). See 
Supplementary Note 1.2 for a detailed description of the analysis.
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Extended Data Fig. 5 | Inferred tuning functions were similar across 
stimulus conditions for an example PMd neuron. a, Inferred potentials  
(left), p0(x) distributions (middle left), tuning functions (middle right) and 
noise magnitudes (right) obtained on two data halves D1 and 2D  for the model 
fitted separately to the left-hard condition trials. The optimal fit was selected 
using our model selection method based on feature consistency. b, Same as 
panel a for the right-hard condition. The slope of the inferred potential points 
towards the opposite boundary than in the left-hard condition, while the 
inferred tuning function is largely the same. c, Same as panel a for the left-easy 
condition. The inferred tuning function is the same as in the hard conditions in 
the left part of the domain, where the dynamics evolve towards the correct 
choice, but the tuning function is inferred less accurately in the right side  
of the domain (grey highlight) due to very small number of rightward choices 

(error trials) in the left-easy stimulus condition. d, Same as panel c for the right-
easy condition. The tuning function is inferred less accurately in the left side of  
the domain (grey highlight) due to very small number of left choices (error trials) 
in the right-easy condition. This effect is also observed on synthetic data from 
the ground-truth model that has the same tuning function in all conditions 
(Extended Data Fig. 6). e, Shared optimization across all four stimulus conditions, 
in which tuning functions, p0(x), and noise magnitude are restricted to be the 
same and only the potential Φ(x) can vary across stimulus conditions. The shared 
optimization enables more accurate inference of tuning functions, because it 
learns a single tuning function across four conditions so that the number of 
leftward and rightward choices are approximately balanced in the data, and  
the dynamics equally explore both sides of the decision manifold.



Extended Data Fig. 6 | Shared optimization enables more accurate 
inference in synthetic data. We generated synthetic data from the ground- 
truth model (shown with black dashed lines in all subplots) in which tuning 
functions, p0(x) and D were the same in all conditions. We matched the ground- 
truth model to the fitted shared model of one experimental neuron and used 
the same number of trials as in the experimental data. a, Inferred potentials 
(left), p0(x) distributions (middle left), tuning functions (middle right) and 
noise magnitudes (right) obtained from the synthetic data on two data halves 

1D  and D2 by fitting the model separately to the left-hard condition trials.  
b, Same as panel a for the right-hard condition. The slope of the inferred potential 
points towards the opposite boundary than in the left-hard condition, while the 
inferred tuning function is largely the same. c, Same as panel a for the left-easy 
condition. The inferred tuning function is the same as in the hard conditions in 

the left part of the domain, where the dynamics evolve towards the correct 
choice, but the tuning function is inferred less accurately in the right side of  
the domain (grey highlight) due to very small number of rightward choices 
(error trials) in the left-easy stimulus condition. The same effect is observed  
in the experimental data (c.f. Extended Data Fig. 5). d, Same as panel c for the 
right-easy condition. e, Shared optimization across all four stimulus conditions, 
in which tuning functions, p0(x), and noise magnitude are restricted to be the 
same and only the potential Φ(x) can vary across stimulus conditions. The 
shared optimization enables more accurate inference of tuning functions, 
because it learns a single tuning function across four conditions so that the 
number of leftward and rightward choices are approximately balanced in the 
data, and the dynamics equally explore both sides of the decision manifold.
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Extended Data Fig. 7 | Tuning functions were largely consistent across 
stimulus conditions in PMd data. a, The log-likelihood ratio of the single-
neuron model fitted with shared tuning functions, initial state distribution 
p0(x), and noise magnitude D across stimulus conditions relative to the model 
fitted with separate tuning functions, p0(x), and D in each condition. This 
analysis was performed for a subset of single neurons (monkey T: 36 neurons 
from 3 sessions, monkey O: 16 neurons from 3 sessions). We expect the separate 
model to have the same or higher likelihood compared to the shared model, 
because the shared model is a special case of the separate model. The likelihood 
was only slightly lower for the shared than separate model ( L Llog( / )shared separate , 
median [Q1, Q3]; monkey T: −6.10 [−17.45, 1.96], n = 36; monkey O: −18.60 [−31.27, 
−6.58], n = 16), which suggests that the tuning functions were similar across 
conditions. As a reference, we generated synthetic spike data for 6 single 
neurons from the ground-truth model in which the tuning functions, p0(x)  
and D were the same in all conditions, and then fitted these data with the shared 
and separate models. We matched the ground-truth model of each synthetic 
neuron to the fitted shared model of one experimental neuron used in this 
analysis (4 neurons from monkey T, 2 neurons from monkey O). We also 
matched the number of fitted trials to the experimental data for each synthetic 
neuron. The range of the log-likelihood ratio for the shared ground-truth model 
( L Llog( / )shared separate , median [Q1, Q3]; 1.33 [−8.75, 3.68], n = 6) was similar to 
that obtained from the experimental data, supporting the conclusion that 
tuning functions were similar across conditions. b, To quantify the similarity  

of tuning functions inferred by the separate single-neuron model in each 
condition, we computed their average Pearson correlation coefficient with the 
tuning function inferred by the shared model for each neuron. High values of 
the correlation coefficient indicate that the inferred tuning functions were 
largely consistent across stimulus conditions (median [Q1, Q3]; monkey T: 0.91 
[0.81, 0.93], n = 36; monkey O: 0.94 [0.91, 0.95], n = 16). Comparable values of  
the correlation coefficient were obtained for the shared ground-truth model 
(median [Q1, Q3]; 0.95 [0.91, 0.98], n = 6). The distribution of the correlation 
coefficient is shown for the same set of experimental and synthetic neurons as 
in panel a. c, The log-likelihood ratio of the population model fitted with shared 
tuning functions, p0(x), and D relative to the population model fitted with 
separate tuning functions, p0(x), and D in each condition, for all successfully 
converged shared population fits (monkey T: 11 populations; monkey O: 14 
populations). One outlier with a large positive value 1344.4 is clamped at the 
value 120 (open orange circle) for better visibility. The log-likelihood ratio was 
not significantly different between the shared and separate population models 
( L Llog( / )shared separate , median [Q1, Q3]; monkey T: 13.5 [−35.6, 72.7], p = 0.58, 
n = 11; monkey O: −4.6 [−18.8, 18.8], p = 0.95, n = 14, Wilcoxon signed-rank test), 
providing strong support for the invariance of tuning functions across 
conditions. In all box plots, center lines indicate medians; boxes span the 25th 
to 75th percentiles; whiskers extend to the nearest of 1.5 × the interquartile 
range or the most extreme data point; outliers beyond the whiskers are shown 
as dots.



Extended Data Fig. 8 | The inferred models with a single-barrier potential 
for additional example single neurons in PMd. a, Trial-averaged firing rates 
sorted by the chosen side and stimulus difficulty (left, error bars are s.e.m. over 
trials), the inferred potentials for four stimulus conditions (middle left), p0(x) 
distribution shared across conditions (middle right), and tuning functions 
shared across conditions (right) inferred on two data halves 1D  and D2 for a 
single PMd neuron. Time window used for model fitting starts at 120 ms after 

the stimulus onset (gray shading) and extends until the reaction time on  
each trial. b-e, Same as panel a for four other example neurons. Despite 
heterogeneous profiles of the trial-averaged firing rates, all models show  
the same dynamics described by a single-barrier potential and narrow zero-
centered p0(x) distribution. The response heterogeneity results from diverse 
tuning functions to the latent variable x.
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Extended Data Fig. 9 | PMd responses have nonlinear dynamics and 
nonlinear geometry. a, The log-likelihood ratio of the fitted population model 
relative to the population models in which the potential, tuning functions or 
both were approximated by a best-fitting analytical function: quadratic 
approximation of the potential (orange), linear approximation of the potential 
(red), linear approximation of all tuning functions (light purple), and linear 
approximation of both the potential and all tuning functions (purple). The  
log-likelihood ratio is positive for all sessions, indicating that replacing the 
potential and/or tuning functions with their polynomial approximation 
significantly reduces model likelihood (log( / )model approxL L , median [Q1, Q3]; 
monkey T: quadratic potential 11.7 [7.9, 21.4], p = 0.002, linear potential 96.2 
[59.2, 153.8], p = 0.001, linear tuning functions 426.7 [386.2, 697.6], p = 0.001, 
linear potential and linear tuning functions 573.0 [460.9, 799.2], p = 0.001, 
n = 11; monkey O: quadratic potential 9.7 [8.0, 15.0], p = 2 ⋅ 10−4, linear potential 
58.8 [36.1, 86.5], p = 2 ⋅ 10−4, linear tuning functions 85.3 [44.1, 197.9], p = 2 ⋅ 10−4, 
linear potential and linear tuning functions 154.5 [106.3, 348.1], p = 2 ⋅ 10−4, 
n = 13, Wilcoxon signed-rank test). Approximating the potential with a quadratic 
function produced only slightly lower likelihood than for the original fitted 
model, consistent with the observation that the discovered potential shapes 
were approximately parabolic. b, The distribution of balanced accuracy for 
predicting the monkey’s choice using the fitted population model (blue, 
median [Q1, Q3]; monkey T: 89.9 [80.6, 95.7]; monkey O: 73.2 [64.9, 76.5]), and 

population models in which the potential, tuning functions or both were 
approximated by a best-fitting polynomial: quadratic approximation of the 
potential (orange, monkey T: 90.9 [80.6, 95.7]; monkey O: 72.5 [65.5, 77.4]), linear 
approximation of the potential (red, monkey T: 85.9 [77.7, 95.8]; monkey O: 67.7 
[62.7, 76.1]), linear approximation of all tuning functions (light purple, monkey T: 
91.7 [78.8, 95.7]; monkey O: 75.3 [65.9, 78.9]), and linear approximation of both 
the potential and all tuning functions (purple, monkey T: 90.0 [73.7, 96.0]; 
monkey O: 67.0 [63.5, 76.7]). The distributions do not differ significantly 
between the fitted model and its approximations, except for slightly reduced 
accuracy in the linear potential and tuning model for monkey T, and in the linear 
potential model for monkey O (monkey T: quadratic potential p = 0.09, linear 
potential p = 0.26, linear tuning functions p = 0.17, linear potential and linear 
tuning functions p = 0.047, n = 11; monkey O: quadratic potential p = 0.34, linear 
potential p = 0.03, linear tuning functions p = 0.15, linear potential and linear 
tuning functions p = 0.24, n = 13, Wilcoxon signed-rank test). Thus, many 
qualitatively distinct models of single-trial neural dynamics and geometry  
can predict the binary choice nearly equally well, showing that the accuracy of 
choice prediction alone is not sufficient to determine what single-trial dynamics 
are consistent with neural responses in PMd. In all box plots, center lines 
indicate medians; boxes span the 25th to 75th percentiles; whiskers extend to 
the nearest of 1.5 × the interquartile range or the most extreme data point; 
outliers beyond the whiskers are shown as dots.



Extended Data Fig. 10 | Mechanism underlying diverse tuning to the 
decision variable in rank-two recurrent network. a, The rank-two recurrent 
connectivity matrix J = M ⋅ QT is an outer product of matrices M ∈ N×2R  and 

RQ ∈T N2× , where N is the number of units in the network. On each time step, 
synaptic activation variables y are updated by filtering through the recurrent 
connectivity J (equation (20) in Methods). The action of J can be decomposed in 
two steps: first, QT projects y onto two-dimensional mean-field variables z, then 
M embeds z into N-dimensional space of recurrent synaptic inputs h = Jy to all 
units. Accordingly, the dynamics within the space of synaptic input currents h 
are confined to a two-dimensional linear subspace spanned by the columns  
of M. The dynamics within this subspace are governed by the variables z,  
which follow equation (21) in Methods. The firing rate ri of each unit i is a 
rectified linear (ReLU) function of the total synaptic input hi + bi this unit 
receives: r h b= [ + ]i i i +. The firing-rates r drive the update of the synaptic 
activation variables y on the next time step. The firing-rate nonlinearity 
bends the network’s trajectories into additional dimensions, leading to higher 
dimensionality and distinct geometry of trajectories in the firing rate space r 
compared to the synaptic input space h. The synaptic input hi to unit i is a one-

dimensional projection of the two-dimensional variables z, defined by the 
corresponding elements mi1 and mi2 of the matrix M (red arrows). Thus, firing 
rate of each unit arises as a one-dimensional projection of the variables z, 
passed through ReLU nonlinearity. b, The dynamics in z space replicate the 
classical mean-field attractor network34, with trajectories converging to the 
left (red) or right (green) choice attractors (same network as in Fig. 5g–k in the 
main text). The one-dimensional decision variable x ∈ [−1, 1] parametrizes these 
trajectories, such that x = −1 and x = 1 correspond to the left and right choice 
attractors, respectively, and x = 0 corresponds to the symmetric initial state at 
the trial start. Recurrent input hi to each unit i is a one-dimensional projection of 
these trajectories onto the direction →e m m= ( , )i i i1 2 . Arrows show the projection 
vectors →ei  for the example units in Fig. 5i in the main text. c, Firing rate ri is a 
threshold-linear function of the total synaptic input current hi + bi, which is 
shown for the example units in panel b with the corresponding color. The firing-
rate nonlinearity rectifies negative inputs (gray shading) to zero. The diversity 
of projection vectors →ei , combined with the firing-rate nonlinearity, generates 
heterogeneous nonlinear tuning functions across units (the corresponding 
tuning functions are shown in Fig. 5j in the main text).










