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Figure 5: Model performance for the SMN1 5’ss combinatorial mutagenesis dataset. Additive models were fit using ordinary
least squares. Pairwise and 3-way regression models were fit using elastic net regularization with regularization parameters
chosen by 10-fold cross-validation (Materials and Methods). Global epistasis model models PSI as a nonlinear function
of an unobserved additive phenotype and was fitted following ref. [36]. was fit following ref. [36]. (A-E) Scatter plots
of out-of-sample predictions for the additive model, pairwise regression, global epistasis model, three-way regression, and
variance component regression using one training dataset consisted of 80% of all 5’ss (n = 26215) assigned as training data.
(F) Out-of-sample R? of the five models plotted against a range of training sample sizes. Error bars represent one standard
deviation calculated for 5 replicates for each sample size.
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Figure 6: Manual validation of predicted PSI for 40 unmeasured SMNI 5ss. (A) Gel images of manually validated
sequences. For each lane, the top band corresponds to mRNA product containing exon 7 (exon inclusion), while the bottom
band correspond to mRNA product without exon 7 (exon skipping). Percent spliced in (PSI) is indicated below each lane.
Gel images are representative of triplicates. (B) Scatterplot showing measured PSI values versus PSI values predicted by
the variance component regression. Horizontal error bars correspond to one standard deviation of the posterior distribution.
Vertical error bars correspond to one standard deviation around the mean PSI estimated using three replicates in the manual
validation. Since the low-throughput PSIs are inherently restricted to the range 0-100, in this analysis we capped the raw
predicted PSIs to lie in this same range.

Finally, the variance component regression substantially outperforms the other models with R? = 0.79.

To see how these various models perform when greater or lesser amounts of data are available, we
compared the predictive power of the five models by plotting their out-of-sample R? against a wide range
of training sample sizes, Figure 5F. The rank order of the models is largely consistent throughout the
sampling range. More importantly, we see that the variance component model adapts to increasing data
density at a much faster rate than the other models. For example, at the sampling density (training
sample size < 20% of all possible sequences), the three-way model has similar performance as our model.
However, the performance gap between the two models quickly widens as the training data become dense.
The variance component model is able to achieve a final R? = 0.83 with 93% of the sequence space assigned
as training data (n = 30474), compared with the three-way model R? = 0.72. This difference in model
performance is consistent with the observation of substantial contribution of higher-order interactions
(k > 3), which the low-order regression model is unable to accommodate.

Another question is the qualitative nature of the genetic interactions captured by our model. We
note that the global epistasis model provides a remarkably good fit to the data, considering that it has
only a few more parameters than a simple additive model. In Supplemental Figure 2, we see that the
global epistasis model approximates the splicing landscape with a sigmoid-like function that maps an
unobserved additive trait to the PSI scale. This is as we might expect under a simple biophysical model
where each position in the splice site makes a context-independent contribution to the binding energy of
the Ul snRNA with the 5'ss, and then this binding energy is mapped via a nonlinear function to PSI [3].
However, we also note that this simple model fails to capture some important features of the data, most
notably a group of false-negative sequences that are predicted to be non-functional by the global epistasis
model but experimentally show moderate to high measured PSI (Supplemental Figure 3A). Using the
variance component regression, we were able to accurately predict these outlier sequences (Supplemental
Figure 3B). We thus conclude that while the global epistasis model provides a good intuitive first-pass
understanding of the splicing landscape, our empirical variance component regression is able to capture
more of the fine-scale features of the sequence-function relationship measured here.

Although predictions on held-out data provide one means of testing model performance, a stronger
test is to conduct low-throughput experiments to validate the predictions of our method on sequences
that were not measured in the original experiment. The SMNI dataset provides a suitable case study
for this application, since the original dataset does not report the PSI of 2036 sequences (6.2% of all
possible 5’ss) due to low read counts. To assess the predictive power of our method for these truly
missing sequences, we first made predictions for all unsampled sequences using all available data. We
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then selected 40 unsampled sequences whose predicted values are evenly distributed on the PSI scale. The
true PSIs of these sequences were then measured using a low-throughput experiment [40], see Materials
and Methods, Figure 6A. Overall, our method achieves a reasonable qualitative agreement with the low
throughput measurements PSI (Figure 6B), but differs systematically in that the transition between
nearly 0 and nearly 100 PSI is more rapid in the low-throughput measurement than in our predictions.
Intuitively, we can understand the source of this discrepancy in terms of the geometry of the splicing
landscape, which features a bimodal distribution of PSIs with separate modes near 0 and 100 [40] and a
sharp transition between these two sets of sequences in sequence space (Supplemental Figure 2). Because
phenotypic observations generalize farther in most regions of sequence space than they do near this
boundary between low and high PSI, our method tends to smooth anomalously sharp features of this
type, resulting in out-of-sample predictions that are more smoothly graded, rather than threshold-like,
in the vicinity of this boundary.

Structure of the SMN1 splicing landscape

Besides making accurate phenotypic predictions, it is important to understand the qualitative features
of a sequence-function relationship, both with regard to how the underlying mechanisms result in the
observed genetic interactions and how these genetic interactions affect other processes, such as molecular
evolution and disease. For simple models, such as pairwise interaction models or global epistasis models,
extracting these qualitative insights can often be achieved by examining the inferred model parame-
ters. Here, we take a different approach and attempt to understand these major qualitative features by
constructing visualizations based on the entire inferred activity landscape. Because we have previously
conducted a detailed analysis of this type for the GB1 dataset [see 48] we will focus on the inferred
activity landscape for 5'ss.

In particular, our visualization method [58] is based on constructing a model of molecular evolution
under the assumption that natural selection is acting to preserve the molecular functionality measured
in the assay. The resulting visualization optimally represents the expected time it takes to evolve from
one sequence to another (Materials and Methods), and naturally produces clusters of genotypes where
the long-term evolutionary dynamics are similar for a population starting at any genotype in that cluster
(e.g., genotypes on the slopes leading up to a fitness peak will tend to be plotted near that peak). To
make such a visualization for our splicing data, we first inferred the full SMN1 splicing landscape using
Empirical Variance Component Regression and built a model of molecular evolution based on the MAP
estimate (Materials and Methods). Then we used the subdominant eigenvectors of the transition matrix
for this model as coordinates for the genotypes in a low-dimensional representation; these coordinates are
known as diffusion axes [59] since they relate closely to how the probability distribution describing the
genotypic state of a population evolving under the combined action of selection, mutation, and genetic
drift is likely to diffuse through sequence space [58, 60].

The resulting visualization is shown in Figure 7A and Supplemental Figure 4, where genotypes are
points (colored by the number of times that particular 5'ss is used in the human genome, Materials and
Methods) and edges connect genotypes connected by single point mutations. It turns out that each of
the first three diffusion axes has a simply interpretable meaning. Figure 7B plots the estimated PSI
against Diffusion Axis 1, showing that Diffusion Axis 1 separates functional splice sites (large positive
values) from non-functional splice sites (negative values). Diffusion Axes 2 (Supplemental Figure 4) and
3 then separate different groups of functional splice sites from each other. Figure 7A shows two major
branches of functional splice sites that are separated along Diffusion Axis 3. Examination of sequence
composition within each branch reveals that the major distinction between the two clusters lies at position
+3, where sequences in the bottom cluster retain the consensus base A, while the top sequences possess
+3 mutations that are predominantly G. To see the meaning of Diffusion Axis 3, we cut away to show
only the most highly functional sequences (818 sequences with PSI > 80%) and plot these sequences
using diffusion Axes 2 and 3, Figure 7C. This figure shows a hierarchy of clusters of functional sequences.
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Figure 7: Visualization of the SMNI splicing landscape reconstructed using Empirical Variance Component regression.
Genotypes are plotted using the dimensionality reduction technique from [58] (see “Methods”). (A) Visualization of all
32768 splice sites using Diffusion Axes 1 and 3. Two splice sites are connected by an edge if they differ by a point mutation.
(B) Diffusion Axis 1 largely corresponds to the separation of low and high PSI splice sites. (C) Visualization of all 818
splice sites with predicted PSI > 80% using Diffusion Axes 2 and 3. In A-C, splice sites are colored according to the number
of times that sequence is used as a splice site in the hg38 reference genome. Gray dots represent splice sites not present
as functional splice sites (65.9% of all possible splice sites). (D) Abstracted version of panel C. Splice sites are grouped by
mutational states (consensus vs. mutated) at positions -1, -2, +3, +4, +5, and +6. Each dot corresponds to a group of
sequences with a prescribed pattern of consensus or mutated states on the six sites. Two groups are connected by an edge
if they differ in mutational state at exactly one site. Gray lines represent differences at position -1, +3, and +5. Black lines
represent differences at positions -2, +4, and +6. Only groups containing splice sites with > 80% PSI are shown, resulting
in six (in)complete cubes with black edges, each representing a combination of mutational states on the three major sites -1,
43, and 4+5. The incompleteness of a cube indicates the absence of a combination of mutational states at position -2, +4,
and +6. Note that no cubes contain both the -1 and +5 mutation, indicating a major incompatibility between mutations
at these two sites.
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Examining the sequences within each of these small clusters revealed that the small clusters correspond
largely to whether a consensus or mutant nucleotide was present at each of positions -2, -1, +3, +4, +5,
and 46, (Figure 7D). We see then that Diffusion Axis 2 encodes whether or not mutations are present
at the -1 and +5 positions, where functional genotypes with mutant nucleotides at the +5 position are
plotted at negative values on Diffusion Axis 2, functional genotypes with mutant nucleotides at the -1
position are plotted at positive values on Diffusion Axis 2, and functional genotypes with mutations at
neither position are plotted in between.

The above analysis reveals a complex pattern of genetic incompatibilities between mutations at po-
sitions -2, -1, 43, +4, +5, and 46, as some but not all combinations of mutations at these positions
are compatible with high splicing activity (see also Supplemental Figure 5). The overall structure is
dominated by a major incompatibility between mutations at the -1 and +5 positions, since no sequences
with mutations on both -1 and +5 have strong splicing activity (> 80% PSI). This is consistent with
previous findings of a negative interaction between -1 and +5 based on genomic comparisons [61-63],
maximum entropy model fitting [64], and high-throughput splicing assays [40]. As a result of this interac-
tion, a population constrained by natural selection to maintaining splicing function with a non-consensus
nucleotide at the -1 position must typically evolve a consensus nucleotide at -1 before it can evolve to
a sequence with a mutation at +5, resulting in long waiting times to evolve from a sequence with a -1
mutation to sequences with a +5 mutation.

The next most prominent structure revealed in Figure 7D corresponds to having a G mutation at the
+3 position (upper portion of y-axis in Figure 7D), so together we consider positions -1, +3 and 45 as
being the major mutations. Whereas having either a single -1 or +5 mutation is compatible with having
many different combination of minor mutations at positions -2, +4, and +6 (complete cubes on the bottom
half of Figure 7D), in a +3 mutant background combined with either a -1 or +5 mutation, we observe
complex interactions between these minor mutations. In particular, in the -1+3 mutant background,
the only additional minor mutation compatible with maintaining functionality is -2. However, in the
presence of +345 mutations we see a different pattern where in this background only a +6 mutation
can be tolerated, but in the presence of this additional 46 mutation, a mutation at the +4 position also
changes from being intolerable to sometimes being tolerable.

How can we explain this complex pattern of genetic interactions? The overall structure of the splicing
landscape with a flat, nonfunctional region where mutations have little effect and then a functional region
where they have greater effects is typical of non-specific epistasis and especially compatible with a global
epistasis model. Moreover, the pattern of interactions between the major -1, +3 and +5 mutations can
also be accounted for by a global epistasis model with a sharp threshold-like nonlinearity where -1 and
+5 mutations have large effects and +3 mutations have moderate effects such that the combination of
a +3 mutation with a -1 mutation brings the sequence near the threshold, but a -1 together with a +5
mutation brings the sequence over the threshold, resulting in a loss of functionality (consistent with our
inferred global epistasis fit, Supplemental Figure 2).

However, the more complex interactions involving the minor mutations are qualitatively incompatible
with the global epistasis model. This is because under global epistasis any mutation that is tolerated in a
weaker background must also be tolerated in a stronger background. So if +3+5 is a stronger background
than -143, and the -2 mutant is tolerated in the -1+3 background, then it should also be tolerated in
the +34-5 background. However, we observe that the effect of a mutation at position -2 when -1 and +3
are mutated is often tolerated (median effect of —18.6 PSI, calculated for sequences with consensus bases
on all other positions), but when +3 +5 are mutated the -2 mutation typically has a much larger effect
(median effect is —93.8 PSI for sequences with consensus bases on all other positions), which always results
in a PSI < 80. However, if -1+3 is the stronger background, then it should also tolerate a mutation at
the +6 position, which it does not. Rather, the tolerability of the +6 mutation in the +3 +5 background
appears to be due to a specific interaction between the +5 and +6 mutations, where +6 mutations
have little or no effect in any background where a +5 mutation is present (Supplemental Figure 6). In
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particular, we find that the deleterious effect of mutations at +6 over all functional backgrounds with
the consensus +5G (median = —43.0, calculated in backgrounds with PSI > 80) is almost completely
abrogated in functional backgrounds where 45 is mutated (median = —2.0, calculated in backgrounds
with PSI > 80). This observation would be consistent with the biophysical hypothesis that the major
mutation at +5 results in the dissociation of all distal nucleotides from the 3’ end of the RNA-RNA
duplex, and hence any further mutation at +6 has little deleterious effect, since 46 is no longer involved
in direct base-paring with the Ul snRNA [c.f., 65].

Finally, the functionality of +4 mutations in the +3+5+6 mutant background but not in the appar-
ently stronger +3+45 background is also highly incompatible with the global epistasis hypothesis. We
found two specific highly functional 5’ss sequences with this combination of mutations, CAG/GUUGUA
and AAG/GUGGAC. The first sequence has been found to bind to Ul snRNA through a noncanonical
binding geometry known as an asymmetric loop [66] where an uneven number of unpaired nucleotides are
found in an internal loop, allowing the 3 GUA of the splice site to form 3 additional basepairs with the
Ul snRNA. The second sequence (AAG/GUGGAC) does not seem to correspond to any known alterna-
tive binding geometry. However, it does naturally occur 14 times in the human genome as a putatively
functional splice site (Materials and Methods). Furthermore, we have verified its functionality via a low-
throughput method (mean PSI 4+ 1SD = 96.9 4 5.33, n = 3, Supplemental Figure 7), suggesting that it
operates via some unknown mechanism.

In summary, we conclude that the 5'ss activity landscape contains many qualitatively different types
of genetic interactions. At a coarse level, the splicing landscape can be understood in light of the global
epistasis model, where interactions between major mutations arise due to a threshold effect. At a finer
level, however, we discover that the effect of a mutation can be strongly modulated by other mutations
in ways that are incompatible with the global epistasis model, where PSI is modeled as a nonlinear
function of an underlying additive phenotype, both in the form of specific pairwise interactions such as
the interaction between the +5 and +6 positions, but also highly complex interactions associated with
substantial changes in the physical geometry of Ul snRNA binding [66].

Discussion

In this paper, we address the problem of how to model the complex genetic interactions observed in
high-throughput mutagenesis experiments in order to predict phenotypic values for unmeasured geno-
types. Our method is based on the simple idea that the type and extent of epistasis that we predict
outside our observed data should be similar to the type and extent of epistasis observed in the data
itself. We show that this information about the type and extent of epistasis can be extracted from how
correlations between phenotypic values decay as one moves through sequence space, and that: (1) this
same distance correlation function also determines the degree to which our observations of mutational
effects, double mutant epistatic coefficients, and observed interactions between three or more mutants
generalize across increasingly distant genetic backgrounds; and (2) the distance correlation function can
be parameterized in terms of the fraction of phenotypic variance due to each order of genetic interaction
(i.e. the ¢ variance components, where ¢ is the sequence length). By estimating these variance components
from the data, we can construct a prior distribution over all possible sequence-function relationships that
is concentrated on the subset of sequence-function relationships where the effects of mutations generalize
in the same manner as occurs in our observed data. Conducting Bayesian inference under this prior then
produces phenotypic estimates that reflect the belief that the extent and types of epistasis in unobserved
regions of sequence space are similar to the extent and type of epistasis in regions of sequence space that
we have already observed.

One way to understand our contribution here is to see it as an integration between practical Gaussian
process-based methods for analyzing sequence-function relationships [67] and the classical spectral theory
of fitness landscapes [43, 44, 46], which provides the most sophisticated mathematical theory of genetic
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interactions currently available. Within this theoretical literature, the so-called “random field models”
identical to the family of priors we propose have been extensively studied [26, 43, 44], and we have
leveraged this existing knowledge to craft priors that encode comprehensible beliefs about the structure
of sequence-function relationships that overcome the inherent difficulty of understanding these high-
dimensional objects.

Our results here also provide some significant additions to the spectral theory of fitness landscapes
that help to provide a more intuitive view of this complex area of mathematical theory. First, we suggest
that higher-order epistatic interactions can be qualitatively classified into two types, corresponding to
interactions that result in locally positive correlations or locally negative correlations. The idea of an anti-
correlated component to a sequence-function relationship has been discussed previously in the literature
in terms of the “eggbox” component [12, 47] which is perfectly anti-correlated between adjacent genotypes
(i.e., whether the phenotypic value is high or low flips with each step one takes through sequence space,
similar to the alternating peaks and valleys of an egg carton). Our analysis shows that there is actually a
whole set of orders of genetic interaction with a similar character, corresponding to all orders of genetic
interaction higher than the average number of differences between two random sequences. However, our
main interest is in the components that produce locally positive correlations (which appear more likely to
arise under most conceivable physical mechanisms), with the balance between these higher-order locally
correlated components controlling how precisely phenotypic correlations decay with increasing Hamming
distance.

Second, we defined a summary statistic I'y, which, beyond simple phenotypic correlations, measures
how mutational effects (k = 1) or epistatic coefficients (k > 1) decay as one moves through sequence
space. The correlation of mutational effects as a function of distance between genetic backgrounds has
been previously termed v, which is used to measure the ruggedness of the landscape [12, 47]. Here we
generalize this measure to epistatic coefficients of any order, and show that the distance correlation of
epistatic coefficients of order k is in fact determined solely by the components of the landscape of order
larger than k (see SI Appendiz, where we provide a simple formula showing the relationship between
different orders). This result can also help us understand why our method outperforms pairwise and
three-way epistatic models. Specifically, we show that models that include only up to k-th order epistatic
interactions in fact make the very strong assumption that any observed k-th order interactions generalize
across all genetic backgrounds. Incorporating higher-order interactions is then equivalent to relaxing this
strong assumption and allowing these lower-order interactions to change as one moves through sequence
space.

The method we propose here also has some commonalities with minimum epistasis interpolation [48],
another method we recently proposed for phenotypic prediction that includes genetic interactions of
all orders. The most important difference is based on the criterion for parsimony being employed in
each instance. Minimum epistasis interpolation attempts to find a reconstruction that minimizes the
expected squared epistatic coefficient between a random pair of mutants introduced on a random genetic
background. Thus, minimum epistasis interpolation is based on imposing an a priori assumption that
the sequence-function relationship should be simple in the sense of being locally smooth (i.e. locally non-
epistatic). In contrast, empirical variance component regression takes the view that a reconstruction is
parsimonious if the extent and type of epistasis present in the reconstruction are similar to the extent
and type of epistasis present in the data itself. Depending on the needs of the user, both minimum
epistasis interpolation and empirical variance component regression can be conducted either in a Bayesian
manner or as a form of Lg-regularized regression [68] (where our MAP estimate is equivalent to the
L, regularized solution, SI Appendiz). From a regularization perspective, the main difference between
these methods is that they penalize the different orders of genetic interaction differently, either with a
quadratically increasing penalty in the case of minimum epistasis interpolation, or a penalty determined
by the empirically estimated variance components in the case of minimum epistasis interpolation

One potential limitation of our approach is our choice to select the hyperparameters based on the
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point estimates supplied by our training data, i.e. by kernel alignment [51]. It may well be possible
to produce more accurate predictions by choosing hyperparameters by maximizing the evidence [37]
or via a hierarchical Bayesian model where we integrate over our uncertainty in the values of these
hyperparameters. However, here we prefer a simpler empirical Bayes procedure, because it corresponds
better to the underlying philosophy of the method, in that we estimate the extent and type of epistasis
present in our observations and then directly incorporate these estimates into our prior.

Another limitation concerning variance component regression is that it is unable to explicitly model
any overall nonlinearity of the measurement scale, i.e. it does not explicitly model nonspecific or global
epistasis [3, 27, 28, 36, 69-71]. Rather, empirical variance component regression must learn any such
global structure based on consistent patterns in the observations themselves. For instance, whereas the
global epistasis model is able to easily handle the saturation of PSI at 0 and 100, empirical variance com-
ponent regression must learn these flatter regions based on the consistent minimal effects of mutations
in a particular region of sequence space, rather than via an overall nonlinearity that is assumed by the
structure of the model. Incorporating the possibility of such global nonlinearities would be an important
extension to the methods presented here, particularly when the underlying latent trait being modeled is
the true object of scientific interest, rather than the observed phenotype (e.g. in the case of nonlinearity
due to the measurement process, or where the latent trait has a specific biophysical meaning such as
a binding energy). However, empirical variance component regression as presented here may still be
preferred if the primary interest is in the specific phenotype being measured, since the effects of a physi-
ological biophysical nonlinearity on the generalizability of mutational effects and epistatic interactions is
itself an issue of considerable scientific interest.

A final limitation concerns the applicability of the method we propose to very large datasets. In our
implementation, we take advantage of the isotropic property of the prior distribution (i.e. that covariance
depends only on Hamming distance) and the highly symmetric graph structure of the sequence space,
which allows us to express the covariance matrix and its inverse as polynomials in the highly sparse
matrix known as the graph Laplacian, which makes inference possible on sequence spaces containing up
to low millions of sequences. However, due to the exponential growth of biological sequence space as a
function of sequence length, this still limits us to nucleic acid sequences of length 11 or less, and amino
acid sequences of length 5 or less. Using the kernel trick [72], it is possible to work with much longer
sequences, but at the cost of only being able to accommodate up to low tens of thousands of observed
sequences, due to the resulting dense kernel matrix. Although we provide analyses of datasets in the
current manuscript that contain tens to hundreds of thousands of sequences, more work is needed to
scale the methods proposed here to even larger datasets and sequence spaces.
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Methods

Summary statistics

This section defines various summary statistics used in the paper, including the quantities plotted in
Figure 1. We also show how different quantities can be transformed from one to another. Here we simply
list the main results without proof. Detailed derivations can be found in SI Appendiz.

Given an alphabet A of size a, we use A to denote the sequence space which is the set of all tuples of
A, equipped with a metric that is the Hamming distance D, such that D(z,z’) measures the number of
mutations that separate the two sequences z, 2’ € A¢. Given a sequence space of size G = o, a landscape
f is a function that maps every sequence = € A’ to its phenotypic value. Throughout this paper, we use
the boldface f € RY to denote the G-dimensional column vector indexed by sequences in A* and f to
denote the function which allows us to evaluate the phenotype of a sequence f(z) such that f(z) = f,.
We define the autocovariance function of f as [43, 44, 49]:

Cld) =+ Y. (@ -NHiE) -, 3)
d
z,x':D(z,x’)=d
where Ny = of (2) (a —1)% is the number of ordered pairs of sequences at Hamming distance d and f is
the mean phenotypic value. We can also define the autocorrelation function by normalizing C(d) with
the empirical variance:

pld) = gggg (1)

Now suppose we only have noisy observations y = f + e on a subset of sequences B C A’. Here e
is the noise vector which we assume is drawn from a normal distribution: e ~ N(0,E), with E being
a diagonal matrix. We can still extract the empirical covariance function by averaging over pairs of
sequences in B for different distance classes. Specifically, let D(B) = (Dy, D1, ..., D) be the distance
distribution of the set B, where D; is the number of pairs of ordered sequences that are at Hamming
distance i. Define the empirical autocovariance function

5] Laen(y(@) —7)* —o? d=0

c(d) = _ _
D7 D fwareB Do)=Y@ DY) —7) d=1,--- L

()

For d = 0, we substract the mean variance of the noise components o2 from the raw empirical variance
\Tél > wen(y(®) —7)? so that ¢(0) is not inflated by the observation noise. The noise component is not
accounted for when d > 0 since we assume the noise distribution is independent with mean zero, making
the contribution from noise to ¢(d) for d > 0 negligible. Note that C'(d) and c¢(d) coincide if we have data
for all sequences and the data is noise-free.

The space of all possible sequence-function relationships form a G-dimensional vector space isomorphic
to R¢ and can be naturally decomposed as ¢ 4 1 orthogonal subspaces,

RE=VooVi® &V (6)

Here V. corresponds to the space of functions of pure k-th order interactions and has dimension my =
(ﬁ) (a — 1)k (SI Appendiz); in particular, Vj, is the eigenspace of L associated with the eigenvalue ak.

Next let fi, be the projection of f onto Vi so that f = Zi:o fr.. Since the different components f; are

orthogonal, we find ||f||*> = Zi:o |1 ||?. We can now define a quantity that measures the contribution of

i, to the total variance in f
S £ 57 £ 1 .
k — Y 2 - f f 2' ( )
iy IEN12 [IE =1
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Q. measures the amount of variance in f that is due to k-th order interactions alone, and therefore is
known as the empirical variance component or amplitude spectrum of order & of the landscape f [26, 44].
Recall that Vi is a mj-dimensional subspace. Now let Qi € RE*™k he a matrix whose columns form

an orthonormal basis for V. Since fi, € col(Qy), we can express it as f, = Qgay, where a; = [akﬂ»] L<i<my,

is a vector containing my, = (f;) (o — 1)* entries know as the Walsh coefficients of order k. Therefore, the
quantity

m
L = als _ a) Qf Qray _ [|ak||? _ > it ai,i

mg mg mg mg

A

(®)

is equal to the mean squared k-th order Walsh coefficient of f. In the special case when k = 0, A\g =

2
% = ||fo]|?, since myg is equal to 1. Here fy is the projection onto Vj, the constant subspace, which is
spanned by the unit vector u = ofgl, where 1 is the vector of all ones. Therefore, we find

Mo = [[foll? = [(ETwpull” = (FTw) = (o~ Y f(@))* = o’ F". (9)

Next, it can be shown that any function ¢ with unit norm drawn from the subspace V; has the same

autocovariance function [43]:
1
Co(d) = —wy(d), (10)
mg

where wf(d) is the known as the Krawtchouk polynomial [43, 44, 73] and is given by

wh(d) = ;é—nq(a (D20 (1)

q=0 7

Since f, € Vi, and has norm |[|fy||?, its autocovariance function is

£ 12
Cr, (d) = " wj(d) = Aw(d), (12)
mg
The landscape f is a linear combination of orthogonal components fr. It turns out its autocovariance
function is simply the sum of autocovariance functions of the components fj, [43]:

¢ ¢
Cr(d) = 3 Cr,(d) = 3 Mew(d). (13)
k=1 k=1

Therefore, knowing the Ag, or equivalently the € together with the variance C'(0) of the full landscape,
allows us to write down the autocovariance function Cg(d). Conversely, Eq. 13 also allows us to solve for
the \; for k > 0 if we are given the autocovariance function.

Given a pair of alleles on a site, we can calculate the effect of mutation from one allele to the other
in all genetic backgrounds. Therefore, we can naturally measure the covariance of mutational effects
as a function of distance between background sequences [47] similar to how we measure phenotypic
correlation using C(d). Here we generalize this notion of distance covariance of mutational effects to
epistatic coefficients of any order < I, which is a generalization of the classical epistatic coefficient to
k > 2 sites (ST Appendix). Specifically, we define I'y(d) as the distance covariance of k-th order epistatic
coefficients averaged over the whole landscape (SI Appendiz) and show that T'y(d) can be expressed in
terms of the autocovariance function C'(d) or, alternatively, the list of A; truncated so as to begin with
)\kt

r (d):2’“zk:(—1)q<k)0(d+ = e Mowt * (d 14
k q q) Z o Wi )- (14)

q=0 K=k
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687 To summarize, we have defined a number of summary statistics and shown how to transform between
es  them for any complete landscape f. In situations where we only have the noised incomplete observation
ey, we cannot directly calculate the underlying Ay and ;. However, we can still calculate the empirical
0 autocovariance function ¢(d). We can then estimate the Ay using a least squares technique that we outline
s1 below. The Ag’s then allow us to calculate all summary statistics listed above.

« (Gaussian process regression

693 Given noisy observations on a subset of all possible sequences, our aim is to reconstruct the full
e« landscape f so that the reconstructed landscape reflects the statistical features of the observed data.
es Since the underlying landscape f is unknown, we use a Bayesian strategy by treating it as a random
o6 function that is drawn from a Gaussian prior, that is

£~ N (1K), (15)

o7 where p € RE*! and K € R“*C are the mean vector and covariance matrix, respectively. Throughout
es this paper, we assume the prior distribution has mean zero, i.e. © = 0.
699 To derive the covariance matrix K, we start out by defining simple distributions for the Walsh coeffi-
w0 cients of different orders k. Specifically, we assume the Walsh coefficients are independent and Gaussian
71 with mean 0 and identical variance for each order k. Let a; € R™* be the random vector containing all
02 k-th order Walsh coefficients, then

ag ~ N(O, )\kImk)- (16)

It is easy to check that the random vector f = Zi:o Qay, is also Gaussian and has mean 0. Further-
more, its covariance matrix is

0 14
K =Ee [(£ = m)(f = 10)" ] = Baparo |30 QY Quan)” | = 3 QEa,w [ajaf] @ (17)
3=0 k=0

Jik
¢ ¢
=Y MQiQL =D MWy (18)
k=0 k=0

703 Here Wi, = Q. QT is a G x G matrix whose entries are given by the Krawtchouk polynomial [44, 73]

7« and only depends on the Hamming distance between sequences:
Wi (z,2") = wi(d(z, ")) (19)
705 Therefore, we have defined a family of Gaussian prior distributions for f with covariance matrix

0 K = Zi:o AWy, where A\ > 0 serve as hyperparameters of the prior distribution, which can be
07 specified a priori or inferred from the data. Furthermore, since the columns of Qj are orthonormal,
08 Wy = Qng is the projection matrix to the space of k-th order interactions. As a result, the matrix
0 K defined above is guaranteed to be positive-definite if Ay > 0 for all £ > k > 0, therefore is a proper
70 covariance matrix.

m Because the W (z, z’) only depend on the Hamming distance between pairs of sequences, the covari-
72 ance of this prior distribution likewise is a function of the Hamming distance between sequences. In other
n3 words, we have defined a Gaussian isotropic random field [26, 43, 44]. This allows us to summarize the
na  covariance structure of our prior distribution by the following kernel function

£
K(d) =Y Mwi(d). (20)
k=0

21


https://doi.org/10.1101/2020.10.14.339804

bioRxiv preprint doi: https://doi.org/10.1101/2020.10.14.339804; this version posted January 3, 2021. The copyright holder for this preprint
(which was not certified by peer review) is the author/funder. All rights reserved. No reuse allowed without permission.

715 Note that Eq.20 is very similar to Eq.13. The main difference is that here Ay > 0 are hyperparameters
76 for the prior that specify the variance of Walsh coefficients of order k, whereas in Eq. 13, A\ is the mean
n7 square Walsh coefficient of a specific landscape. Note that we also include the 0 order term Ag in
ns  Eq.20 because we assume that the prior distribution has zero mean and the mean of a sample from the
79 distribution is normally distributed with variance A\g. In fact, the expected empirical autocovariance
720 function differs from the kernel function by a constant:

E¢ [Ct(d)] = K(d) — a“Xo. (21)

721 We write I = A%\ B as the set of all missing sequences. Throughout this paper, we also use B and I to
722 denote columns and rows of matrices that are indexed by A¢. For example, Kz is the m x m submatrix
23 of K generated by selecting rows and columns corresponding to B, while K. g denotes the G x m matrix
722 whose columns correspond to sequences in B.

5 Recall that y = fg + e € R™ is the vector of observations for the subset B, where e is a vector of
76 observation noise so that e ~ A(0, E) with E being a diagonal matrix. The distribution of y is

y~N(0,Kpp + E). (22)

727 Without loss of generality, we will order our sequences so that the m sequences in B whose phenotypes
728 are known come first. The joint distribution of the full landscape f and y is then

f O¢ K Kp
~ . 2
b~ o) & e te) @
729 The posterior distribution for f is also Gaussian and is given by well-known formula for Gaussian
70 process regression [37]
fly ~N(Kp(Kpp +E) 'y, K- K (Kpp+E) 'Kz.), (24)

m where K.g(Kgp + E)"ly = f is know as the maximum a posterior (MAP) estimate. The posterior
2 variance for a single sequence x can be calculated as

02 - wa - KmB(KBB + E)_lKBx 5 (25)

x

7 where Kp, = KI; € R™ is the column vector containing the covariance between the genotype z and
3¢ every genotype in the training data B.

7 Inference of hyperparameters for the prior distribution

736 To use Gaussian process regression, we must choose the covariance matrix K, or equivalently a kernel
7 function K(d) for d =0,1,--- ,¢. According to Eq. 17, the kernel function K (d) of our prior distribution
73 must take the form K(d) = Zi:o Mewg(d), for d = 0,1,---,£. In this paper, we take an Empirical
70 Bayes procedure to infer the hyperparameters A\ directly from the data. First, recall that ¢(d) is the
70 empirical autocovariance function extracted from the data y (Eq. 5). So our overall goal is to find the
m  hyperparameters i so that the kernel function K (d) aligns as well as possible with ¢(d). Here, we provide
2 a naive method as well as a regularized least square method for estimating Ax to accommodate various
3 possible scenarios in the inference procedure. In the naive method, we directly solve the linear equation

¢
k=0

ua  for the hyperparameters \;’s, where 72 is added to allow us to infer the O-th order hyperparameter \g,
us  since ¢(d) does not contain the mean of the data. This procedure is equivalent to using c(d) + 7> as the

22
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kernel function K (d) for our prior distribution. However, an important constraint for \j is that they
must be nonnegative, since they are the eigenvalues of the covariance matrix K = Zi:o AWy, While it
has been shown that when B is the whole sequence space, the \;’s solved using the equation above must
be nonnegative [43], no such guarantee exists when B is a proper subset of A°.

Another possible scenario where solving Eq. 26 is impossible is when the data does not contain
all possible distance classes, i.e., D; = 0 for some i. Therefore, we introduce a second method using
regularized least squares to estimate the \;. This method is similar to a machine learning technique
called kernel alignment [51]. Briefly, our strategy is to match the empirical second moment matrix yy’
using a nonnegative linear combination of the basis matrices Wy’s and the noise variance matrix E.
Mathematically, we achieve this by minimizing the squared Frobenius norm (|| - ||r) of the difference
between the target matrix yy” and the submatrix Kgp = Zi:o AMWipn

¢
lyy™ = O MeWiy,, + E)[3 = ATMA — 23" a + constant, (27)
k=0
where M; j = (W, W, r and a; = (W, ., yy! — E)p.

To ensure the nonnegativity of Ag, we parametrize it as Ay = exp(ny). Furthermore, we introduce a
regularization term Ei;é 127k —k—1 — Me+1|? equal to the sum of squared second order finite differences
in 1. This term is added to the cost function in Eq.(27) to penalize the deviation of Ay, - -+ , A; from a linear
function on the log scale. We then find the optimal A = exp(n) by solving the following minimization
problem

-1
7) = argmin, cge+1 (eMTMem —2a”e + Z 1206 — Mk—1 — D1 |- (28)
k=2
Here 8 > 0 is the regularization parameter. In practice, we can choose the optimal g using 10-fold
crossvalidation. Since the vector n has only ¢ 4 1 entries, the solution is readily found using generic
minimization algorithms.

Posterior sampling using Hamiltonian Monte Carlo

Eq. 25 allows us to calculate the posterior variance for individual sequences. However, since the
evaluation of this function is as costly as the MAP estimate, in practice we can only acquire the posterior
variance for a subset of sequences of high interest. In this section we outline an alternative method for
estimating the posterior covariance matrix by directly sampling from the posterior distribution in Eq. 24.
Specifically, suppose £, (l=1,---,n)is a set of n samples drawn from the posterior distribution using
a Markov chain whose stationary distribution is our posterior distribution, then we can approximate the
posterior covariance matrix with the finite sum

K- Kp(Kpp+E) 'K =B |(f—f)(f - ?)] ~ zn:(f@ ~£)(f0 -7, (29)
=1

SRS

where f is the mean vector taken over all samples £(*).

A major challenge for sampling from the posterior distribution is posed by the typical high dimension-
ality of the sequence space. Specifically, as the dimension of the sample space increases, the region of high
probability of the posterior distribution (the typical set) becomes increasingly singular and concentrated
in space [39, 74]. As a consequence, the diffusive behavior of popular naive random walk algorithms
such as MCMC either leads to high rejection rates or highly autocorrelated samples, both making the
exploration of the probability distribution extremely slow.

23
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781 In this paper, we employ the Hamiltonian Monte Carlo (HMC) sampling method [39, 74]. HMC is a
w2 gradient-based algorithm that is able to take advantage of the local geometry of the typical set, making
783 it more suitable for sampling from high dimensional probability distributions. HMC first introduces an
7 auxiliary momentum parameter to complement each dimension of our target probability space. The total
75 energy (the Hamiltonian) of the system is then defined as the sum of the potential energy given by the log
s probability of the posterior and the kinetic energy, which is equal to the squared norm of the momentum
77 vector in our case. The algorithm proceeds using a Markov chain consisting of alternate random updates
7 to the momentum vector and deterministic integration of Hamiltonian dynamics that leaves the total
o energy unchanged. In practice, this integration is discretized and performed using the so-called leapfrog
70 method [39]. Since the numerical errors accumulated during the leapfrog steps lead to changes in total
1 energy at the end of the integration, a Metropolis step at the end of the numerical integration is used to
2 keep the Markov chain reversible. Together, this sampling scheme allows the HMC algorithm to make
73 large jumps in probability space while keeping the rejection rate small.

704 The HMC algorithm relies on the gradient of the log posterior probability to perform the Hamiltonian
7s  dynamics integration. To derive the gradient, first define the precision matrix for the posterior distribution

796

K=(K-KpKps+E)'Kg)) .. (30)
797 Since the log probability of a sample f is log(fly) = —4 (f — F)TK(f — f) + costant, we find
1 ~ e
QVlogp(f\y) = —Kf + Kf. (31)
708 Next, we can simplify the expression for K by expanding the inverse using the Woodbury identity.
70 This gives
~ E!1 0
_ g1
K=K+ [ 0 0] (32)
800 Since Eq. 17 is also the eigendecomposition of K (SI Appendiz) and all A\;’s are constrained to be

g1 positive, the inverse of K exists and is equal to K~! = Zi:o )\%Wk Therefore, the evaluation of Eq. 31
s> involves multiplying the sample f by a diagonal matrix and the matrix K—!, which can be greatly sped
@3 Up using a representation of K—! as a polynomial in the sparse graph Laplacian L.

804 Finally, we employ the dual averaging algorithm [75] to find the optimal step size for the leapfrog
g5 integrator during an initial tuning phase, so that the average rejection rate of the Metropolis steps is
sos near the optimal value of 0.65 [75].

s Regularized regression

ws We use the following linear model to fit additive, pairwise and 3-way interaction models:

F@) =3 Biei) (33)

w0 where the ¢;(z) are an indicator variables encoding the presence or absence of particular alleles at
s particular sites in z. For the additive model, each ¢;(x) encode the presence or absence of a given
su allele on a given site. For the pairwise and three-way models, ¢;(x) encode the presence or absence of
sz combinations of allelic states for each possible pair of sites or triple or sites, respectively. We can express
sz Eq.(33) in matrix notation

f=Xg. (34)

sue  Given m observations, the dimension of X is m x fa for the additive model, and m x Zi:o (f;) o and
g5 M X 22:0 (f;) a® for the pairwise and three-way model, respectively.
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We fit the additive model using ordinary least squares. The pairwise and three-way regression models
were fitted using elastic net regularization, where the penalty of model complexity is a mixture of L; and
Lo norms. Specifically, we find our solution by minimizing

mingess [y = XBll, + A ((1 - )lIBI5 /2 +allBll, ) (35)

where the penalty for model complexity is controlled by «, which represents a compromise between lasso
(o = 1) and ridge (o« = 0) regressions. The parameter A controls the overall strength of the penalty.
Both o and A were chosen by 10-fold cross validation for each training sample. Elastic net regressions
were fit using the R package glmnet [76].

Processing of the SMN1 dataset

The SMN1 raw dataset consists of enrichment ratio (number of output reads/number of input reads)
across three libraries, each containing three replicates. Previous analysis discarded two replicates due to
low sample quality. Since no library effect was detected [40], we consider the enrichment ratios across 7
replicates as independent samples. Depending on its presence or absence in each input sample, a splice
site can have zero to 7 measured enrichment ratios. Out of the 32768 possible splice sites, 2036 are not
represented in any replicates, and therefore are considered missing data.

We assume the enrichment ratios across replicates for a given genotype are log-normally distributed.
First, for sequences with all positive ratios across n replicates (1 < n < 7), we use the bias corrected
geometric mean [77] as the estimate of the median enrichment ratio using the formula

p=exp(y —°/2n), (36)

where 7 and 62 are the arithmetic mean and sample variance of the log-transformed enrichment ratios,
respectively. For sequences containing zero enrichment ratios where the above equation is inapplicable,
we simply calculate the median of the enrichment ratios across replicates.

We then estimate the variance for the log-normal distribution using the standard formula

0? = (exp(6?) — 1) exp(2fi + 02) (37)

For sequences with zero ratios and/or with only 1 replicate, we use the modified formula

o? = (exp(3?) — 1) exp(2u’ + 52), (38)

where 1/ is the log of the median of the enrichment ratios and 2 is the mean 62 for all sequences with
only positive ratios and at least two replicates.

Low-throughput validation of unsampled SMN1 5'ss

To assess the predictive accuracy of our method for the activity of truly unsampled splice sites, we
selected 40 5’ss absent in the SMNI dataset that are evenly distributed on the predicted PSI scale. We
quantified the splicing activities of the selected 5’ss in the context of a SMNI minigene that spans exon 6-8
with the variable 5’ss residing in intron 7. The minigene construct is the same as the one used to generate
the high-throughput data [40] (minigene sequence is available at https://github.com/jbkinney/
15_splicing). The minigenes containing variable 5'ss were inserted in to the pcDNAS5/FRT expression
vector (Invitrogen). 1pg of minigene plasmid was then transiently transfected into HeLa cells, which
were collected after 48 hr. RNA was isolated from the minigene-expressing HeLa cells using Trizol (Life
Technologies) and treated with RQ1 RNase-free DNase (Promega). ¢cDNA was made using Improm-
IT Reverse Transcription System (Promega), following the manufacturer’s instructions. The splicing
isoforms were then amplified with minigene-specific primers (F: CTGGCTAACTAGAGAACCCACTGC;
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2 R: GGCAACTAGAAGGCACAGTCG) and P32-labelled dCTP using Q5 High-Fidelity DNA Polymerase
ss  (New England Biolabs) following the manufacturer’s instructions. PCR products were separated on a
s 5.5% non-denaturing polyacrylamide gel and were detected using a Typhon FLA7000 phosphorimager.
s Finally, we used ImageJ (NIH) to quantify isoform abundance. All 5'ss were assessed in triplicates.

s Visualization of the SMN1 splicing landscape

857 To derive a low dimensional representation of the splicing landscape, we consider a population evolving
g8 in continuous time under weak mutation [79-81] with natural selection acting to maintain splicing activity.
g0 We first used our method to reconstruct the full landscape consisting of 65536 sequences corresponding to
so  all combinations of alleles at the eight variable positions of the 9-nt splice site. Note that the reconstructed
g1 landscape also includes sequences with A or G at the +2 position, which do not constitute valid splice
s2 sites. Since these sequences are nonetheless accessible through mutation, we include them but set the PSI
s3  of all such sequences to be zero. Next, exon-exon junction sequencing in the original study revealed that a
ss  secondary GU at the -2 and -1 positions can be preferentially used over the GU or GC at position +1 and
w5 +2 [40], leading to a frameshift in the mature mRNA. Therefore, we set the PSI of all such sequences to
se be zero. Last, to ensure an appropriate degree of realism for the evolutionary Markov chain, we truncate
ss7  all predicted PSI values to be between 0 and 100. We model evolution as a continuous-time Markov chain
ss where the population moves between sequences at each fixation event based on fitness values given by
g0 the modeled PSI. The rate matrix Q of the Markov chain is

1 f@)—f _
a1 1_Ci—(§f)<z/>5:;)<zs>> d(z,2") =1

Qx,x’ = — Zm”;éac Qz,z” z=2q (39)

0 otherwise,

e0  where ¢ is the conversion factor that transforms PSI to scaled fitness (Malthusian fitness x N.). We choose
s ¢ so that the expected PSI at stationarity is equal to 80. Time is scaled so that the total mutation rate per
sz site is equal to 1. We use the right eigenvectors of Q associated with the 3 greatest nonzero eigenvalues
sz as coordinates to embed the splicing landscape in three dimensions, where each eigenvector is scaled so
sra  that the weighted mean of its squared entries is equal to the relaxation time of the associated eigenmode
ss  where the weights are given by the frequency of each genotype at stationarity (see [58] for details). This
ers  allows our low-dimensional representation of the landscape to optimally capture the expected time for a
en population to evolve between sequences [58]. Note that although we included sequences with A or G at
ers  position +2 when calculating the embedding coordinates, for simplicity we omitted these sequences when
sro  plotting the final visualization.

=0 Acquisition of human 5’ splice sites

881 Human 5'ss were extracted from GENCODE Release 34 (GRCh38.p13) (available at https://www.

s2 gencodegenes.org/human/).

= Code availability

884 We developed vcregression, a python command-line interface that implements the Empirical Vari-
ses ance Component method described here (available at https://github.com/davidmccandlish/
86 vcregression).
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