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Abstract

Fitness landscapes provide a framework for understanding how genetic variation shapes evolutionary outcomes. Although these landscapes
were long treated as abstract conceptual objects, recent advances in genetic engineering and high-throughput phenotyping have enabled the
empirical measurement of phenotypic values across large combinatorial sequence spaces. These developments create a need for statistical
frameworks that can summarize, infer, and interpret fithess landscapes in the presence of complex genetic interactions. Here, we introduce a
framework for summarizing the structure of genetic interactions across sites based on the average squared local k-way epistatic coefficients
between mutations at different subsets of sites, and derive the precise manner in which the variance in these local k-way epistatic coefficients
across backgrounds relates to epistasis of orders higher than k. These statistics can be computed exactly for complete combinatorial landscapes
and are related to classical statistics in the fithess landscape literature. Moreover, they can be estimated from empirical correlations when data
are incomplete or noisy, and used to define an empirical Bayes prior for fitness landscape inference that differentially penalizes interactions
involving different subsets of sites. We apply this inference method to diverse high-throughput protein and RNA combinatorial mutagenesis
datasets and find that fitness landscapes often show highly structured patterns of genetic interactions across positions. Finally, we use this
model to infer a fithess landscape for a dynamic self-splicing intron comprising 65,536 genotypes, and describe in detail the main genetic
interactions that shape the structure of this landscape and how they relate to the underlying molecular mechanism. Together, these results
provide new tools for summarizing and modeling complex fithess landscapes, and for linking large-scale empirical data to the mathematical

theory of fitness landscapes.
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Introduction

The fitness landscape is a fundamental concept in evolutionary
biology and genetics. First introduced by Wright (1932), it de-
scribes the mapping between genotypes and their associated fit-
ness. The structure of a fitness landscape, including the number,
distribution, and connectivity of fitness peaks, plays a crucial
role in how populations evolve and diverge over time (Kauff-
man and Levin 1987; Kondrashov et al. 2002; Gavrilets 2004;
Weinreich et al. 2006; McCandlish 2011; De Visser and Krug
2014; Fragata et al. 2019; Manrubia ef al. 2021; Bank 2022; John-
son et al. 2023). Understanding the mapping from genotype
to fitness is not only important for explaining and predicting
evolution, but also has critical applications in cancer and human
disease (Moore and Williams 2009; Dasari et al. 2021) as well as
plant and animal breeding (De Los Campos et al. 2013; Sackton
and Hartl 2016; Soyk et al. 2020; Dwivedi et al. 2024). However,
despite its importance, characterizing this mapping is inherently
challenging due to the high dimensionality of sequence space.
Because the number of possible sequences grows exponentially
with sequence length, such high-dimensional fitness landscapes
are often summarized by computing low-dimensional summary
statistics that characterize the ruggedness or structure of the
landscape, e.g. the number of local optima, lengths of adaptive
walks, and the number of alternative local optima accessible

from starting genotype (Kauffman and Levin 1987; Szendro
et al. 2013; Ferretti et al. 2018). Another common approach is
to characterize how mutational effects change across genetic
backgrounds, for instance by quantifying the average magni-
tude of local epistatic coefficients (Zhou and McCandlish 2020)
or by measuring the correlation of mutational effects between
genotypes separated by increasing numbers of mutations (Wein-
berger 1990; Stadler 1996; Neidhart ef al. 2013; Bank et al. 2016;
Ferretti et al. 2016).

Historically, the scarcity of comprehensive experimental data
has motivated the development of theoretical and computational
models of fitness landscapes, which have provided a framework
for understanding how summary statistics behave across differ-
ent classes of landscapes. One approach is to consider families
of fitness landscapes drawn from a probability distribution, gen-
erally known as random field models (Kauffman and Levin 1987;
Stadler and Happel 1999). Classical examples include the House
of Cards model (Kingman 1978), the NK model (Kauffman and
Levin 1987), and the Rough Mount Fuji landscape (Aita and
Husimi 1998). Within these frameworks, one can compute the
expected values of summary statistics and analyze how they
depend on parameters that control the smoothness or rugged-
ness of the landscape (Kauffman and Levin 1987; Schmiegelt
and Krug 2014; Neidhart et al. 2014; Hwang et al. 2018; Reddy
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2 Local epistasis regression

and Desai 2021).

More recent efforts have increasingly turned toward the ex-
perimental characterization of empirical fitness landscapes by
measuring growth rates or other measures of biological function-
ality for many different combinations of mutations (De Visser
and Krug 2014; Fragata et al. 2019). The size of the first em-
pirically reconstructed fitness landscapes was limited by the
difficulty of engineering large numbers of genotypes and mea-
suring their fitness experimentally (Khan et al. 2011; Chou et al.
2011; Flynn et al. 2013; Szendro et al. 2013; Ogbunugafor et al.
2016; Weinreich et al. 2018; Gao et al. 2022; Aguirre et al. 2023;
Zebell et al. 2025). However, recent advances in high-throughput
assays (Kinney et al. 2010; Fowler and Fields 2014; Kinney and
McCandlish 2019) have substantially expanded this scope, en-
abling the parallel measurement of thousands to millions of
genotypes. These techniques have been used to characterize
fitness landscapes across a range of biological systems, includ-
ing regulatory sequences (Noderer ef al. 2014; Rosenberg et al.
2015; Bonde et al. 2016; Evfratov et al. 2017; Rabani et al. 2017;
Wong et al. 2018; Baeza-Centurion et al. 2019; Kuo et al. 2020;
Komarova et al. 2020; de Boer et al. 2020; Vaishnav et al. 2022;
Liao et al. 2023; Westmann et al. 2024b,a; Kuo et al. 2025; Chat-
topadhyay ef al. 2025; Agarwal et al. 2025), RNAs (Domingo et al.
2018; Bendixsen et al. 2019; Soo et al. 2021; Rotrattanadumrong
and Yokobayashi 2022), proteins (O’Maille et al. 2008; Bank et al.
2016; Wu et al. 2016; Starr et al. 2017; Poelwijk et al. 2019; Lite
et al. 2020; Jalal et al. 2020; Bryant et al. 2021; Somermeyer et al.
2022; Moulana et al. 2023; Papkou et al. 2023; Sundar et al. 2024;
Zarin and Lehner 2024; Johnston ef al. 2024; Faure et al. 2024b;
Escobedo et al. 2025; Herrera-Alvarez ef al. 2025), and genome-
wide gene interactions (Bakerlee et al. 2022; Nguyen Ba et al. 2022;
Matsui et al. 2022; N’Guessan et al. 2025). Despite these advances,
contemporary datasets are often noisy and typically do not cover
the full sequence space, so that a key challenge is to develop
flexible statistical methods for inferring full fitness landscapes
from empirical data without distorting the rich fitness landscape
geometry revealed by these high-throughput measurements.

One powerful approach to address this problem is to combine
theoretical models of fitness landscapes with empirical measure-
ments by recasting these theoretical models as Bayesian priors
for reconstructing complete landscapes from incomplete and
noisy data (Zhou and McCandlish 2020; Chen et al. 2021; Zhou
et al. 2022, 2025; Petti ef al. 2025; Marti-Gémez et al. 2026b). Such
an approach can leverage our mathematical understanding of
these models to define prior distributions that confer the over-
all inference procedure with desirable properties. For example,
Minimum Epistasis Interpolation defines a prior that depends
on the average squared epistatic coefficients between all pairs
of mutations (Zhou and McCandlish 2020), favoring reconstruc-
tions that are locally approximately additive, which results in
reconstructions that can capture genetic interactions of all or-
ders where data is abundant but extrapolates additively far from
the data. As another example, Empirical Variance Component
regression (Zhou et al. 2022) constructs a prior parametrized
by the variance explained by genetic interactions of each pos-
sible order, resulting in reconstructions that accurately reflect
how quickly the predictability of mutational effects decay in
increasingly distant genetic backgrounds.

While Minimum Epistasis Interpolation and Empirical Vari-
ance Component regression can incorporate epistatic interac-
tions of all orders, the corresponding priors are still only weakly
informative in the sense that they are “isotropic” (Stadler 1996,

2002), i.e. the prior treats all sites and all mutations equally.
However, in reality some sites and alleles are more influential
and more likely to be involved in epistatic interactions than
others (Weinreich et al. 2005; Kvitek and Sherlock 2011; Ferretti
et al. 2016; Bank et al. 2016; Pokusaeva et al. 2019; Reddy and
Desai 2021). Reddy and Desai (2021) recently proposed a new
family of theoretical random field models whose parameters
control the site-specific probability that mutations participate in
genetic interactions, and these models were then extended by
Zhou et al. (2025) to include allele-specific and mutation-specific
parameters. By treating these site-, allele-, or mutation-specific
parameters as hyperparameters of an informative Bayesian prior,
the resulting model learns which mutations most strongly in-
fluence the predictability of other mutations, and incorporates
this information when inferring the fitness landscape from data,
achieving state-of-the-art predictive performance (Zhou et al.
2025). Nonetheless, these models still implicitly assume that the
the propensity for a set of sites to interact is determined solely by
these site-specific parameters, while empirical observations from
both pairwise interaction models (Marks et al. 2012; Haldane et al.
2016, 2018) and the posterior distributions of models containing
interactions of all orders (Chen et al. 2021; Marti-Gémez et al.
2026b) suggest that patterns of epistatic interaction are often
sparse (Poelwijk et al. 2019) or modular (Rojas Echenique et al.
2019; Hwang et al. 2018).

Here, we present a method for fitness landscape inference
incorporating a prior that can encode this type of highly struc-
tured tendency for specific sets of sites to interact with each
other. We begin by proposing a simple approach to summarize
the structure of genetic interactions of all orders by comput-
ing, for each pair of sites, the average squared local epistatic
coefficient between mutation at those sites, which enables the
identification of sets of sites involved in epistatic interactions
of arbitrary order in complete combinatorial fitness landscapes.
Based on these summary statistics, we define a new family of
prior distributions that differentially penalize interactions in-
volving different pairs of sites. The parameters of these priors
can be estimated from empirical correlations in fitness values
between sequences that differ at specific subsets of sites, and we
then use the resulting priors to infer complete fitness landscapes
from several empirical datasets. Finally, we apply our method
to the fitness landscape of a dynamic self-splicing intron (Soo
et al. 2021), and show how the higher-order interactions in this
system have an interpretable structure wherein many aspects of
the genetic architecture are systematically rewired depending
on the nucleotide identities at one specific pair of sites.

Results

Epistatic coefficients for subsets of sites

In this section, our aim is to quantify the overall amount of
epistasis between a specific pair of sites in an arbitrary fitness
landscape f. We start by considering a simple two-locus bial-
lelic fitness landscape and assuming that we know the fitness
values of the four possible genotypes fap, fap, fap and f,,. We
can measure how much the effect of a mutation A — 4 in one
locus changes in the presence of an additional mutation B — b
at the other locus via the traditional double-mutant epistatic
coefficient:

€= (fav— fan) — (fas — faB), 1)

and we can use the squared epistatic coefficient €> to quantify the
magnitude of epistasis in a manner that is independent of which
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physical allele is encoded as e.g.“A” or “a”. As we add a third
locus, the epistatic coefficient between mutations A — a and
B — b can be calculated in the presence of alleles C and c at this
new locus, where these two different genetic backgrounds can
be viewed as defining parallel faces in sequence space (Figure 1).
Thus, one way of quantifying the extent of epistasis between
sites 1 and 2 is by taking the average of the squared local epistatic
coefficients defined on each of these two parallel faces. Similarly,
we can quantify epistasis between sites 1 and 3 by averaging the
local squared epistatic coefficients found on the corresponding
pair of parallel faces, and we can quantify epistasis between sites
2 and 3 by averaging the squared local epistatic coefficients from
the final remaining pair of faces (Figure 1).

We can generalize these statistics for larger fitness landscapes
composed of ¢ sites with a alleles per site represented by a
vector f of length a’. In particular, epistasis between any pair
of sites 7, j can be quantified by computing the average squared

local epistatic coefficient ez.Zj (f), where the average is taken over

every possible pair of mutations at those sites and across every
possible genetic background in which they can be introduced. It
is easy to see that the average of these quantities €2 i ( f) across all
possible pairs of sites corresponds to the previously proposed
average squared epistatic coefficient €2(f) describing the overall
local smoothness of a fitness landscape (Zhou and McCandlish
2020) (see Supplement). However, separately averaging these
squared epistatic coefficients for each pair of sites provides a
more granular description of epistasis, showing not only how
much epistasis there is, but whether it is equally distributed
across different pairs of sites or concentrated within specific
subsets of sites.

For the special case of bi-allelic fitness landscapes, Ferretti

et al. (2016) previously discussed the €; j as part of their proposal

of the statistic 7;_, ir which measures the correlation in the ef-
fects of mutations at site j before and after mutating site i. Here,
we generalize the € statistics to multi-allelic landscapes and to
higher-order epistatic coefficients between any subset of sites U
(see Supplement). Moreover, we show the relationship between
these statistics and the total variance explained by interactions
involving the sites in U of order equal or higher than |U| . Specif-
ically, let Var()[ f] be the total variance explained by |U|-way
interactions among the sites in U as well as interactions of order
greater than |U| that also involve all the sites in U (Reddy and
Desai 2021; Marti-Gémez et al. 2026b). In the supplement, we

show that this variance Var(Y) [f] is proportional to the average

squared local |U|-way epistatic coefficient €Z,:

i = <z“fz (af)u) = @

In addition, we show that the portion of this variance explained
by genetic interactions of order strictly higher than |U| is pro-
portional to the variance across backgrounds in |U|-way local
epistatic coefficients between mutations at sites U:

¢ _ 1\ Ul
- (3 (52) Yot o

These results provide a quantitative link between the size and
variance of local |U|-way epistatic coefficients involving a set of
sites U and the amount of |U|-way and higher epistatic variance
explained by that set of sites.

Marti-Gémez and McCandlish 3

ABc

ole

aBc

— (taBc — fapc)

<
©

(fabc — fane) €= (fapc — fanc)

= (fane = fane) € = (Fao — faBe) —

€ = (fapc — fapc)

© 0o &—-=¢

€= (fasc — fapc) — (favc — fabc) € = (fapc —fane) — (fanc — fane) € = (fabc — fanc) — (fabe — fabc)
Figure 1 Local epistatic coefficients for mutations at different
pairs of sites in a three-site bi-allelic fitness landscape. Local
epistatic coefficients can be grouped into sets corresponding
to the interaction of the same pair of mutations on different
genetic backgrounds. Geometrically this corresponds to group-
ing epistatic coefficients on parallel sets of “faces”; here we
show each set of parallel faces in its own column, with those
corresponding to interactions between sites 1 and 2 in the first
column, those corresponding to interactions between sites 2
and 3 in the middle column, and those corresponding to inter-
actions between sites 1 and 3 in the last column.

Local epistasis regression
In the previous section, we defined a set of descriptive statis-
tics eizj quantifying the magnitude of the local double-mutant

epistatic coefficients when introducing mutations at a specific
pair of sites i and j. While these statistics can only be evaluated
for complete fitness landscapes, we can easily use them to con-
struct a prior distribution for use in inferring complete fitness
landscapes from noisy and incomplete data. We call the resulting
Bayesian regression method Local Epistasis Regression.

In particular, we consider the prior

p(f) e Licj alj:?j(f)/ @)

where the (é) hyperparameters a;; > 0 penalize the size of the
local epistatic coefficients between each specific pair of sites i
and j. This prior turns out to be an improper Gaussian prior
that penalizes the size of local genetic interactions as specified
by the a;; but which places a flat prior over the non-epistatic
component of the landscape.

In order to better understand the properties of this prior, and
in particular why this prior allows epistatic interactions of all
orders, it is helpful to re-express this new prior within a more
general class of priors previously described by Zhou et al. (2022)
and Marti-Gémez et al. (2026b). This more general prior is a
Gaussian random field model parametrized by the variance
explained by epistatic interactions between each possible subset
of sites U. The prior as a whole is given by

feN <O,ZAUPU) , (5)
u

where Py; is the projection matrix into the subspace of landscapes
composed solely of |U|-way interactions between the sites U
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4 Local epistasis regression

and we constrain the 2¢ hyperparameters A(; to be non-negative,
Ay > 0. This is the most general model in which the covariance
between two sequences x, x" only depends on the set of sites
at which they differ, and the expected variance explained by
|U|-way genetic interactions between a set of sites U is given by
(. — DIUIAY (see Supplement).

Turning back to our prior in terms of the a;; and 612]( f) given
in Equation 4, in the Supplement we show that this prior is
equivalent to choosing

i ifU=0
Ay =R A ifU={i} (6)
P otherwise,
in the limit where Ay = A; = ... = A, — c0. Since we assume

ajj > 0, we see that Ay > 0 for |U| > 2 indicating that our
prior has positive variance for every U with |U| > 2 and can
thus fit genetic interactions of all orders. In practice, instead of
taking the limit and working with an improper prior, we retain
Agand Ay, ..., A, as additional hyper-parameters that provide
control over the extent to which the non-epistatic component of
the model is regularized. Finally, although ajj penalizes the size

of esz( f), the expected value of eTZJ( f) under the prior depends

not only on 4;;, but also on the a; and a for all the ¢ — 2 other
sites k (see Supplement).

In order to perform inference under this prior, we further
assume that the experimental measurements y for a series of
sequences X have normally distributed errors with known ex-
perimental variance y,4r so that we can use standard Gaussian
process results (Rasmussen and Williams 2008) to compute the
closed form Gaussian posterior distribution over the complete
fitness landscape f with mean

]?: K*X(KXX + Dvar)_ly (7)
and covariance matrix
K — K,x (Kxx + Doar) ' Kxx, ®)

where Kxx, K,x, Kx, are submatrices of K = Y ;; Ay Py indexed
by sequences X and *, where * represents all possible sequences,
and Dy, is a diagonal matrix with the known experimental
variances yy,, along the diagonal. Naively evaluating and com-
puting with these matrices becomes quickly impractical beyond
a few thousand measurements. However, we can leverage the
mathematical properties of the covariance matrix to derive ef-
ficient routines for computing matrix-vector products without
explicitly constructing the matrices, which can be implemented
as linear operators and used for solving large linear systems
using iterative methods in gpmap-tools (see Supplement) (Marti-
Gomez et al. 2026D).

The final remaining issue is how to choose the values for
thel+ /7 + (g) hyperparameters (specifically, Ap, A1, ..., A, and
the (;) a;j). In principle, these hyperparameters can be speci-
fied based on prior knowledge, for example if certain sites are
known to interact more strongly with each other such as con-
tacting residues within a known structure. Here, however, we
adopt an empirical Bayes approach and assume that the sta-
tistical properties of the measured sequences generalize to the
full sequence space, allowing us to estimate these parameters
directly from the data without needing any a priori knowledge

about the structure of genetic interactions between sites. Practi-
cally speaking, because the covariance in fitness between two
sequences under the prior depends only on the set of sites D at
which they differ, we can compute the empirical correlation in
measured fitness between all pairs of sequences differing exactly
at a set of sites D, for each possible subset D. We then choose the
hyperparameters so that the correlations implied by the prior
match these empirical correlations as closely as possible, using a
procedure known as kernel alignment (Wang et al. 2015; Zhou
et al. 2022). This structure reduces the kernel alignment problem
to a 2¢-dimensional weighted least squares problem, which can
be solved efficiently under the constraint that the a;;, the A; and

Ag are all positive (see Supplement).

Validation on simulated data

We first evaluate the performance of Local Epistasis Regression
using simulated data to illustrate the advantages of this model in
comparison with previously proposed approaches. Specifically,
we define a random field model inspired by the expected inter-
actions between 8 positions forming an RNA helix, where sites
interact more strongly with their neighboring positions as well
as with the sites with which they form base-pairs (Figure 2A).
Figure 2B shows the correlation under this prior between pairs
of sequences differing at every possible subset of sites D within
each Hamming distance class and where lines represent dis-
tance classes that differ from each other at a single position e.g.
Dy = {1,2} and D, = {1,2,3}. We see that while the correla-
tion under the prior generally decays with increasing Hamming
distance d = |D|, the correlation is not a strict function of d
and instead varies based on the specific positions at which two
sequences differ.

Having specified a family of random fitness landscapes, we
then drew a specific fitness landscape from this prior distribution
and evaluated the performance of the hyperparameter estima-
tion procedure in recovering the ground truth hyperparameters
in the presence of limited amount of data. In particular, we
kept fitness values for only 15% of the sequences, computed the
empirical fitness correlation between pairs of sequences for each
class of differences D and estimated the hyperparameters for
Local Epistasis Regression using kernel alignment. Figure 2C
shows that we can accurately infer a prior that approximates the
true correlation structure of the landscape using only a limited
amount of data (R? = 0.94).

Since our hyperparameter estimation procedure appeared to
be working, we then evaluated the performance of the full Local
Epistasis Regression procedure for different random samples of
training data ranging from 1% to 99% of the full landscape and
compare it with the predictive power of previously proposed
models, including classical models like additive and pairwise
interaction models, and models that allow interactions of all pos-
sible orders, including Minimum Epistasis Interpolation (Zhou
and McCandlish 2020), Empirical Variance Component regres-
sion (Zhou et al. 2022) and a new implementation of Connected-
ness regression (Zhou et al. 2025) in gpmap-tools (Marti-Gémez
et al. 2026b) that uses kernel alignment for hyperparameter in-
ference (Figure 2D, see Supplement). Our results show that all
models that allow higher order interactions can accurately recon-
struct the true landscape given sufficient amount of data, unlike
additive and pairwise interaction models. Moreover, by encod-
ing information about which sites interact with each other and at
which sites mutations combine more additively, Local Epistasis
Regression outperformed the other methods for any amount of
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Figure 2 Validation of Local Epistasis Regression. (A)
Heatmap representing the model hyperparameters as 1/a;;
for every pair of sites 7, j highlighting the patterns of genetic
interactions across sites under the prior. (B) Correlation un-
der the prior for pairs of sequences that differ at each possible
subset of sites D arranged according to the Hamming distance
d = |D|. Each dot represents a single distance class D and are
joined by lines whenever the distance classes differ by a single
position from each other. (C) Comparison of the true correla-
tion under the prior and the estimated ones using kernel align-
ment on a simulated dataset comprising 15% of the sequences
from a fitness landscape drawn from the prior. (D) Predictive
performance evaluated by the R? between the predicted and
the true fitness values of held-out test sequences when using
different amounts of training data for different models (MEL
Minimum Epistasis Interpolation, VC: Variance Component
regression, CN: Connectedness Model regression, LER: Local
Epistasis Regression). Predicted values are the maximum a
posteriori estimate given by each method, which is equal to
the posterior mean fA Error bars represent the standard devi-
ation across 3 different random samples for each fraction of
training data.

training data, and exhibited a particularly strong advantage for
low amounts of training data.

Learning the structure of genetic interactions from em-
pirical data

In the previous section, we have shown how Local Epistasis Re-
gression can be used to learn the structure of genetic interactions
from incomplete and noisy data, and then used that informa-
tion to make more accurate inference of complete combinatorial
fitness landscapes using simulated data. Here, we investigate
the performance of Local Epistasis Regression using data from
diverse empirical fitness landscapes.

First, we used data from a high-throughput experiment eval-
uating the functionality of nearly every possible 5 splice site
sequence of the exon 7 in the Smn1 gene context (Wong et al.
2018; Zhou et al. 2022) (positions -3 through -1 at the exonic re-
gion and +2 through +6 at the intronic region are variable, with
position +1 fixed as G, which is necessary for lariat formation

Marti-Gémez and McCandlish 5

during the splicing reaction). We start by computing the cor-
relation between pairs of sequences differing at each possible
combination of sites (Figure 3A). This analysis shows that the
correlation between pairs of sequences depends, not only on
the Hamming distance, but also on the specific combination
of sites that are different. For example, pairs of sequences dif-
fering only at position +6 show a correlation of 0.83, whereas
pairs of sequences that differ only at position 42 show a corre-
lation of 0.12. Next, we estimated the hyperparameters of the
prior for our Local Epistasis Regression model and show that
the estimated prior can recapitulate the observed correlations
almost perfectly (Figure 3B). Figure 3C displays the estimated
strength of the penalization for local epistatic coefficients for
mutations between each possible pair of sites, showing a rich
structure of interactions between positions. First, we find that
mutations interact more strongly with mutations at neighboring
positions, as expected from its recognition mechanism by the
Ul snRNA via base-pair complementarity (Wong et al. 2018)
because the energetic contributions of a basepair to the ther-
modynamic stability of an RNA helix depend strongly on the
adjacent basepairs (Borer et al. 1974). There are some excep-
tions to this general interaction pattern between positions: i)
mutations at positions +2 and +5 tend to interact more strongly
with each other than expected under the neighbor interaction
model, as previously shown in the 5splice site fitness landscape
inferred from their frequencies in the human genome (Chen
et al. 2021), and ii) the effects of mutations at position +6 are
expected to combine more additively with the effects of other
mutations. Interestingly, while mutations at position +2 show
strong interactions with mutations at —1 and +5, mutations at
—1 and +5 are expected to combine nearly additively, a pattern
of interaction that cannot be captured by simpler random field
models such as the Connectedness Model (Reddy and Desai
2021; Zhou et al. 2025). Finally, we evaluated the performance of
Local Epistasis Regression when predicting the fitness of held
out sequences for different amounts of training data (Figure 3D)
and found that, given sufficient training data, predictions are
more accurate than under all previously proposed models.

Second, we used data from a high-throughput experiment
measuring the translational activity of over 250,000 9-nucleotide
sequences at the Shine-Dalgarno sequence in the 5 UTR of the
dmsC gene in E. coli (Kuo et al. 2020). As before, the correlation
in the measurements between pairs of sequence depends not
only on the Hamming distance between them, but also on the
specific combination of sites at which they differ (Figure 3E).
These empirical correlations can be accurately captured by the
Local Epistasis Regression prior under the estimated hyperpa-
rameters (Figure 3F). The inferred hyperpameters recapitulate
the previously characterized pattern of genetic interactions be-
tween mutations at different pairs of sites for this landscape,
where sites interact more strongly with other sites within a
4-nucleotide window (Figure 3G) (Marti-Gémez et al. 2026b).
While the Shine-Dalgarno sequence is also recognized via base-
pair complementarity, in this case with the 165 rRNA (Shine
and Dalgarno 1975), the observed pattern of interaction between
positions can be explained by the ability of the 165 rRNA to
bind the target sequence at different registers relative to the
start codon (Marti-Gémez et al. 2026b). In contrast to results
in the Smn1 dataset, Local Epistasis Regression is roughly tied
as the best performing model together with Variance Compo-
nent Regression, although the Variance Component Regression
model performs better for very small amounts of training data
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6 Local epistasis regression

(Figure 3H).

Finally, we applied Local Epistasis Regression to estimate
the structure of genetic interactions across sites in two protein
fitness landscapes: (i) a complete combinatorial dataset in which
nearly all possible combinations of amino acids at four positions
in the binding domain of protein G were measured (GB1) (Wu
et al. 2016), and (ii) a combinatorial landscape in which com-
binations of five amino acids at seven positions in the core of
the SH3 domain of the FYN tyrosine kinase were quantified
(FYN-SH3) (Escobedo et al. 2025). These datasets also show
heterogeneous fitness correlations between pairs of sequences
depending on the specific combination of sites at which they
differ, which can be effectively captured by our estimated prior
distribution (Figure S1A,B,D,E). The inferred parameters sug-
gest that epistatic interactions are concentrated within specific
subsets of sites (Figure S1C,F), consistent with patterns observed
in the empirical RNA landscapes described above. For GBI,
Local Epistasis Regression and Variance Component Regression
are the best performing models and perform essentially identi-
cally over the whole range of training data sizes (Figure S1D),
whereas for the SH3 domain Variance Component Regression
performed better across the whole range of training data set
sizes (Figure S1H). Thus, in summary, our analysis shows that
empirical fitness landscapes often display heterogeneous corre-
lations between pairs of sequences differing by the same number
of mutations depending on the specific sites that are mutated,
however, the extent to which incorporating this information into
our prior distribution improves predictive performance varies
across datasets relative to previous methods.

The fitness landscape of a self-splicing intron

After validating the ability of Local Epistasis Regression to char-
acterize the patterns of genetic interactions between pairs of
sites in well-characterized fitness landscapes, we set out to study
an 8-nucleotide fitness landscape of a self-splicing type I intron
from Tetrahymena thermophila (Soo et al. 2021) that we have not
previously analyzed. In particular, these 8 mutagenized nu-
cleotides can form an extension of the P1 helix that is involved
in recognition of the 5'splice site (Figure 4A). This P1 helix must
then dissociate to form an alternative P10 helix with the 3’ splice
site for catalyzing the splicing reaction between the 5" and 3’
splice sites (Figure 4A). Thus, we expect a particularly rich struc-
ture of genetic interactions across sites, given the heterogeneous
structural roles played by these nucleotides at different stages of
the splicing reaction.

We start again by computing the correlation in the measured
fitness values for pairs of sequences differing at each possible
combination of sites. The correlations, as before, depend not
only on the number of sites at which two sequence differ, but
more specifically on the combination of sites at which they do
so, suggesting that different mutations have different effects
on the predictability of other mutations (Figure 4B). We next
estimate the parameters of the Local Epistasis Regression prior
and find that the learned prior can again accurately recapitulate
the observed correlations in the data (Figure 4C). The estimated
a;; values indicate that epistatic coefficients are not identically
distributed across pairs of mutations at different combinations of
sites, but that pairs of mutations at different sites tend to interact
more strongly with each other (Figure 4D). The strongest signal
comes from mutations at sites 2 and 21 which are by far the
most strongly interacting positions, consistent with the P1 helix
extension mechanism wherein position 2 basepairs with position

21 (Figure 4A).

Next, we perform inference of the complete fitness landscape
under the learned prior while taking into account the estimated
experimental error. These estimates accurately recapitulate the
measured fitness in 0.5% (327) random held-out sequences (Fig-
ure 4E). Importantly, our Gaussian process formulation allows
us to obtain uncertainty estimates for the fitness values of the
held-out sequences showing good coverage properties, as the
95% posterior credible interval included the measured fitness for
91.1% of the held-out sequences. We found that all the regression
models allowing higher-order interactions made similar predic-
tions and had similar predictive performance (Figure S2A), and
that in particular Local Epistasis Regression and Variance Com-
ponent Regression both produced very similar fits (Figure S2B)
and predictions for the set of held-out sequences (Figure S2C).

Next, we further explore the structure of epistasis in this
dataset by computing a series of informative summary statis-
tics from the maximum a posteriori (MAP) reconstruction of
the complete landscape. First, we compute the percentage of
variance explained by epistatic interactions of every possible
order (Zhou et al. 2022) and find that the reconstructed landscape
is highly epistatic, with only 42.3% of the variance explained by
the additive component, 22.2% by pairwise interactions, and the
remaining 35.4% explained by higher-order genetic interactions.
To investigate how much each site contributes to interactions
of different orders, we compute the percentage of variance ex-
plained by genetic interactions of order k that involve each site
i (Figure 4F) (Marti-Gémez et al. 2026b). These statistics reveal
substantial heterogeneity across sites. Some sites contribute little
across all interaction orders, such as sites 4 and 18. Other sites
contribute more strongly through their additive effects, such
as position 5, whereas sites like 2 and 21 contribute primarily
through pairwise and higher-order interactions. Next, we char-
acterize the structure of genetic interactions between sites by
computing the root mean square local double-mutant epistatic

coefficient 4 /:1‘2]‘ for every pair of sites (Figure 4G). These statis-

tics reveal widespread epistatic interactions across pairs of sites,
particularly among sites 2, 3,20 and 21, and within the groups
of positions 2-5 and 18-21, consistent with the regularization
parameters (Figure 4D). However, as shown by Eq. 2, these quan-
tities reflect contributions from both pairwise and higher-order
interactions. To disentangle these contributions, we compute the
percentage of pairwise (Varf{ig}) [f] = Var([Py; f]) and higher-
order variance (Var,((gg}) [f]) explained by interactions involving
each pair of sites (Figure 4H). This analysis shows that a large
fraction of pairwise epistatic variance is explained by interac-
tions between positions 2 and 21 alone (Figure 4A, lower tri-
angular part), whereas higher-order epistatic variance is more
broadly distributed across sites, indicating that local double mu-
tant epistatic coefficients for essentially all pairs of sites vary
substantially across genetic backgrounds (Eq.3).

Structure of the self-spliced intron fitness landscape

In order to better understand the qualitative structure of this fit-
ness landscape, we apply a visualization method for producing
low-dimensional representations of fitness landscapes where
distances between genotypes in the representation reflect the
expected waiting time to evolve from one genotype to another
under a model of molecular evolution that includes mutation,
selection, and drift (McCandlish 2011). Applying this method
as implemented in the software package gpmap-tools resulted
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Figure 3 Application of Local Epistasis Regression to estimate the structure of epistatic interactions across sites in empirical fitness
landscapes. (A,E) Correlation in the measured fitness values for pairs of sequences differing at each possible subset of sites D ar-
ranged according to the Hamming distance d = |D|. Each dot represents a single distance class D and are joined by lines whenever
the distance classes differ by a single position from each other. (B,F) Comparison of the observed correlation values in the data
and the values under the estimated prior ones using Local Epistasis Regression for every possible distance class D (each dot rep-
resents a different D). Correlations were estimated using 80% of the data for training. (C,G) Heatmap representing the inferred
model hyperparameters as 1/4;; for every pair of sites 7, j highlighting the patterns of genetic interactions across sites under the
prior. (D,H) Predictive performance evaluated by the R? between the predicted and the measured fitness of held-out test sequences
when using different amounts of training data for different models (MEL: Minimum Epistasis Interpolation, VC: Variance Com-
ponent regression, CN: Connectedness Model regression, LER: Local Epistasis Regression). Predicted values are the maximum a
posteriori estimate given by each method, which is equal to the posterior mean J? Error bars represent the standard deviation across
3 different random samples for each fraction of training data. Each row represents a fitness landscape: Smn1 exon 7 5’ splice site
(A,B,C,D); dmsC Shine-Dalgarno sequence (E,EG,H).
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Figure 4 Inference and summary statistics of the fitness landscape of a self-spliced intron. (A) Schematic representation of the
molecular mechanism of self-splicing in the model intron from Tetrahymena thermophila (Soo et al. 2021). Positions considered in
the fitness landscape are highlighted in black and are numbered by their relative position in the intron. Other relevant sequences
that are fixed in the background are shown in grey. Exonic sequences are shown with gray background. (B) Correlation in the
measured fitness values for pairs of sequences differing at each possible subset of sites D arranged according to the Hamming
distance d = |D|. Each dot represents a single distance class D and are joined by lines whenever the distance classes differ by a
single position from each other. (C) Comparison of the observed correlation values in the data and the values under the estimated
prior using Local Epistasis Regression. One correlation is shown for each possible set of positions D where two sequences may

be differ (each dot represents a different D). (D) Heatmap representing the inferred model hyperparameters as 1/a;; for every
pair of sites i, j highlighting the patterns of genetic interactions across sites under the prior. (E) Measured values for held-out test
sequences versus Local Epistasis Regression predictions. Horizontal error bars represent the 95% credible interval, whereas vertical
error bars correspond to the 95% confidence interval under each measurement’s variance. (F) Heatmap representing the percentage
of variance in the maximum a posteriori Local Epistasis Regression reconstruction explained by interactions of order k involving
each position. (G) Root mean squared local double-mutant epistatic coefficient magnitude between mutations at each possible pair
of predictions for the maximum a posteriori reconstruction. The plot indicates that relatively large local epistatic coefficients occur
between mutations at essentially all pairs of positions. (H) Heatmap representing the percentage of variance in the maximum a
posteriori reconstruction explained by pairwise (lower triangle) and higher-order (upper triangle) interactions that is explained by
interactions involving pairs of positions.
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in Figure 5A (see Methods, Marti-Gémez et al. (2026b)). In the
previous section we noted a particularly strong pattern of both
pairwise and higher-order interactions involving positions 2 and
21 (Figure 4F), and we see that the visualization in Figure 5A
largely separates sequences based on the nucleotides present at
this pair of positions. Because the axes in such visualizations
tend to highlight key barriers that make it difficult for a popula-
tion to diffuse from one area of sequence space to another, we
examined the mean fitness conferred by different combinations
of alleles at these two sites for potential allelic incompatibilities
(Figure 5B), revealing a consistent pattern wherein having both
positions 2 and 21 occupied by pyrimidines (or also C; Ap7) re-
sults in low mean fitness. This observation suggests that the
P1 helix extension by base-pairing of positions 2 and 21 is not
strictly necessary for functionality.

Because the visualizations tend to spread apart high-fitness
sequences that are separated by these types of incompatibil-
ities, they are also useful for understanding how mutational
effects and local epistatic coefficients vary across sequence space.
Figures 5D and E show how G2C and C21G mutations are dele-
terious in the G,Cp; cluster on the left-hand (negative) side of
Diffusion Axis 1, but the same mutations become advantageous
as one moves to the right-hand (positive) side. In fact, looking
across all 8 positions, Figure 54 shows a widespread tendency
for allelic preferences to change in a coherent manner across
different clusters of sequences. Similarly, we can see how local
double-mutant epistatic coefficients change in different regions
of sequence space. For example, in the C Gy, cluster on the right-
hand side of Figure 5A, G3C and C20G are strongly negatively
epistatic (Figure 5F) whereas in many other backgrounds such
as Uy Ajpp background (Figure 5C), their interaction is strongly
positive. Likewise the local double-mutant epistatic coefficient
between A3U and U20A are strongly negative in the C2Gy; clus-
ter but typically neutral or positive elsewhere (Figure 5G). Note
that Figures 5F and 5G provide a simple illustration of the ge-
ometry of a 4th-order interaction, as we can see that the epistatic
interactions at position 3 and 20 differ across the clusters of
sequences defined by the base identities at positions 2 and 21.

The visualization also separates sequences within the C, G
background into three clusters, depending on the presence of C
at positions 19 and 20 (Figure 5A). Moreover, Figure S4 shows
that while Cj9 and Cyg are generally preferred across the land-
scape, consistent with base pairing with cognate bases in the
P10 helix in the second step of the splicing reaction (Figure 4A),
the effects of alleles C and G at these two positions are strongly
dependent on genetic background. To better understand these
dependencies, we examined the average fitness of the four com-
binations of C and G alleles at positions 19 and 20 across differ-
ent genetic contexts (Figure 5H). We find that in some genetic
contexts, like CyGp1, Up A1, and Cp Ay, the base-pair-breaking
mutations C19G and C20G are on average neutral or only mildly
deleterious individually, but become substantially more dele-
terious when combined together. In contrast, in other genetic
contexts, such as G,Cy1, ApUsq, and A,Cyq, these mutations are
more strongly deleterious individually and combine more addi-
tively. These epistatic interactions limit the accessible mutational
paths between C19Gyp and G19Cyg sequences, and explain why
these clusters appear separated in the visualization (Figure 5A).
The background dependence of this interaction provides an addi-
tional illustration of how higher-order interactions in this system
can be largely understood in terms of the identities at positions
2 and 21, and how the alleles at these two positions modulate
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epistatic interactions between the other sites.

Discussion

In this work, we propose a new method for inferring empiri-
cal fitness landscapes from experimental data. Our method is
based on the idea that genetic interactions are not uniformly
distributed across sites; rather, some sites tend to interact more
strongly with specific other sites. This information about sets of
sites exhibiting stronger epistatic interactions can be extracted
from how correlations between measured fitness values depend
on the specific combinations of sites at which sequences differ.
We then incorporate this information into a prior distribution
defined over all possible fitness landscapes for Bayesian infer-
ence of complete combinatorial landscapes from incomplete
and noisy data. Importantly, although our prior allows the in-
corporation of different degrees of regularization for epistatic
coefficients between different pairs of sites, it still allows these co-
efficients to vary across genetic backgrounds, thereby preserving
the benefits of other methods that contain genetic interactions
of all orders (Zhou and McCandlish 2020; Zhou et al. 2022). Ap-
plying this method to three experimental datasets revealed that
mutations do tend to interact more strongly with other specific
mutations in empirical landscapes (Figures 3C,F, S1C,G and 4D),
often reflecting known molecular interactions between positions
(Figures 4A,D). Finally, we performed an in-depth analysis of
the inferred landscape for a self-splicing intron, where we found
that the nucleotide identities at positions 2 and 21, which can
potentially form an extension of the P1 helix, determine the na-
ture of genetic interactions at many other pairs of positions. This
shows how higher-order interactions, which may at first seem
mysterious, can be understood in terms of local pairwise inter-
actions that change coherently as one moves from one region of
the fitness landscape to another.

Our method relies on a simple summary statistic that quanti-
fies the overall strength of local genetic interactions between a
given pair of mutations across across all genetic backgrounds.
Specifically, we compute the average squared epistatic coeffi-
cient between mutations at every possible set of sites. While
this statistic was previously derived in the context of the ;_,;
measure (Ferretti et al. 2016), here we show that it can be ex-
pressed as a quadratic form with a positive semi-definite matrix
that admits a Kronecker product decomposition into ¢ smaller
matrices. This allowed us to derive (i) the relationship between
the total epistatic variance of all orders involving any pair of
sites i and j (Reddy and Desai 2021; Marti-Gémez et al. 2026b)
and the average squared size of local double-mutant epistatic
coefficients defined by pairs of mutations at sites i and j, and (ii)
the relationship between the higher order epistatic variance and
the variance in these epistatic coefficients across genetic back-
grounds, clarifying how local epistatic effects and their context
dependence connect to the global variance decomposition of
fitness landscapes. Interestingly, while the ability to conduct
this Kronecker factorization enables efficient computation of
these summary statistics in combinatorially complete fitness
landscapes (Marti-Gomez et al. 2026b,a), it also opens up the
possibility of calculating these statistics for astronomically large
fitness landscapes for the maximum a posteriori estimate un-
der a certain class of Gaussian process models (Petti et al. 2025),
which would allow the incorporation of higher-order interac-
tions in applications such as protein contact prediction (Marks
et al. 2012) and 3D-structure inference from mutagenesis exper-
iments (Schmiedel and Lehner 2019). Finally, the Kronecker
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Figure 5 Visualization and characterization of the fitness landscape of a self-spliced intron. (A) Visualization of the inferred fit-
ness landscape using Local Epistasis Regression. Every dot represents one of the possible 4% possible sequences and is colored
according to the predicted fitness. The inset represents the phenotypic distribution along with their corresponding color in the map.
Sequences are laid out according to the first two Diffusion axes and dots are plotted in order according to Diffusion axis 3. (B,C,H)
Diagrams representing average fitness for different subsets of sequences at positions 2 and 21 (B), for combinations of G and C
alleles at positions 3 and 20 across different genetic contexts at positions 2 and 21 (C) and for combinations of G and C alleles at
positions 19 and 20 across different genetic contexts at positions 2 and 21 (H). Indicated subsets of sequences are arranged along
the x-axis according to Hamming distance from the leftmost subset. Error bars represent the 95% posterior credible intervals for
these average fitness values. (D-G) Visualization of the inferred fitness landscape, as shown in (A), where nodes are colored by the
mutational effect of G2C (D) and C21G (E), and the local epistatic coefficients between mutations G3C and C20G (F) and between
A3U and U20A (G) when introduced in every possible genetic background throughout the landscape. The inset represents the dis-
tribution of the specific mutational effects or epistatic coefficients along with their corresponding color in the map.
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factorization form makes it straightforward to generalize these
statistics in two directions: (i) computing squared epistatic co-
efficients between specific mutations within the same pair of
sites (see Supplement) and (ii) averaging of the squared coeffi-
cients across different genetic backgrounds or over backgrounds
drawn from site-factorizable probability distributions (rather
than from the uniform distribution as we have done here).

As in previous work (Zhou and McCandlish 2020; Chen et al.
2021; Zhou et al. 2022; Reddy and Desai 2021; Zhou et al. 2025),
we use our mathematical understanding of this summary statis-
tic to define random field models of fitness landscapes, which
can be used as prior distributions for Gaussian process inference
of empirical landscapes from high-throughput experimental
data. Our prior allows the same mutation to have different
effects on the predictability of different mutations, whereas pre-
vious approaches assign all mutations (Zhou and McCandlish
2020; Chen et al. 2021) or each individual mutation (Reddy and
Desai 2021; Zhou et al. 2025) a constant effect on the predictability
of other mutations, preventing them from encoding structured
interaction patterns between sites. Despite finding widespread
evidence that specific pairs of sites tend to interact more than
others, incorporating this realism into our prior did not always
increase predictive performance. One potential reason for this is
that while more flexibly encoding differences between pairs of
sites, our model makes assumptions about the form of higher-
order epistasis that may be more appropriate for some datasets
than others. A second potential reason for this variable perfor-
mance concerns our kernel alignment procedure for choosing the
hyperparameters. We had previously seen a modest improve-
ment in model performance for Empirical Variance Component
Regression when the hyperparameters were chosen by evidence
maximization rather than kernel alignment (Zhou ef al. 2025),
suggesting that the two modes of inference should generally
have similar performance. However, here we see that the con-
nectedness model fit by kernel alignment performed far worse
on the GB1 and Smn1 datasets than our previous implementa-
tion using evidence maximization (Zhou et al. 2025), suggesting
that the method of hyperparameter optimization might have a
greater impact than previously thought. Unfortunately, unlike
kernel alignment, which we were able to implement efficiently
using the fact that the covariance under our model only depends
on the subset of sites at which two sequences differ, implement-
ing evidence maximization for Local Epistasis Regression as
in Zhou et al. (2025) is more challenging due to the need to
calculate and combine 2 kernels.

A fundamental aspect of fitness landscapes is their depen-
dence on the environment. Increasingly, datasets measure fitness
across multiple environmental conditions, necessitating models
that allow mutational effects and epistatic interactions to vary
across environments (Nguyen Ba et al. 2022; N'Guessan ef al.
2025; Bakerlee et al. 2022; Soo et al. 2021; Ishigami et al. 2024).
Our framework naturally extends to this setting by treating en-
vironmental conditions as additional loci, enabling the inference
of priors in which mutational effects depend jointly on genetic
background and environment. Importantly, our prior can learn
and encode that mutations tend to change by different mag-
nitudes when introducing an additional mutation compared
to when changing environments, effectively allowing different
prior variances for gene-by-gene and gene-by-environment in-
teractions.

Our method shares several limitations with previous Gaus-
sian process approaches (Zhou and McCandlish 2020; Zhou et al.
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2022, 2025). First, it does not explicitly model non-specific or
global epistasis (Otwinowski et al. 2018; Domingo et al. 2019),
but instead relies on specific epistatic interactions to fit these
global dependencies, potentially limiting the interpretability of
the estimated hyperparameters as the structure of specific ge-
netic interactions between sites. Second, by taking an empirical
Bayes approach, in which we first estimate the parameters of the
prior and then use those parameters for inference of the fitness
landscape, we are not taking into account potential uncertainty
in the estimation of these parameters. Our new model may
be more sensitive to this limitation than previous approaches
because of the larger number of hyperparameters that need to
be estimated (Zhou and McCandlish 2020; Zhou et al. 2022).
Third, our current implementation takes advantage of the math-
ematical structure of the covariance matrix to allow efficient
computation of the posterior distribution (Equations 7 and 8)
without explicitly building the covariance matrix for complete
fitness landscapes. While this trick allows us to compute the pos-
terior distribution for fitness landscapes containing hundreds of
thousands of sequences, it is limited to sequences of relatively
short length (about 5 amino acids, 12 nucleotides or 24 bi-allelic
loci). Moreover, the need to evaluate 2¢ different kernels, even
if the number of hyperparameters is much lower, hinders the
applicability even under GPU-accelerated frameworks for scal-
able Gaussian process inference (Gardner et al. 2018; Wang et al.
2019) that facilitated the application of previous models to fitness
landscapes defined over longer sequences (Zhou ef al. 2025).

Materials and methods

Fitness landscape of a 5’ splice site sequence

Data reported by Wong et al. (2018) was processed as previously
reported (Zhou et al. 2022, 2025). Briefly, we assumed a log-
normal distribution of enrichment ratios across 1-7 replicates,
for each different 5’ splice site sequence x. The bias corrected
geometric mean of the enrichment ratio was used as an esti-
mate of the median enrichment ratio when the enrichment ratio
was strictly positive for all replicates. Otherwise, the median
of enrichment scores was used to estimate the phenotype yy.
Sequence-specific variance yy,y,r Was estimated as indicated be-
low, where s2 is the sample variance of the log-enrichment ratios
if all replicates were strictly positive and were measured in at
least two samples or the median of all s2 for sequences x with at
least two replicate measurements:

2 2
ygc,var = (ESX - 1) e2yX+S‘V/ )

see (Zhou et al. 2022) for more details.

Fitness landscape of the Shine-Dalgarno sequence

Data reported by Kuo ef al. (2020) was processed as previously re-
ported (Marti-Gémez et al. 2026b). Briefly, fitness was estimated
as the mean log(GFP) for 257,565 measured sequences with a
common measurement variance of s> = 0.058 using genotypes
measured across all three experimental replicates. The squared
standard error for each genotype i was computed by dividing
this observed experimental variance s> by the number of repli-
cates 1, in which each sequence was measured (yx,var = s/ fy).

Fitness landscape of protein G binding domain

Data was processed as previously described (Zhou and McCan-
dlish 2020; Zhou et al. 2022). Briefly, we used the number of
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12 Local epistasis regression

sequencing reads for each sequence x in the input sample (cm’” "t)
and in the selected sample (CSEI) reported in (Wu et al. 2016) to
estimate the log-enrichment ratio relative to the wild-type se-
quence yy as a measure of the binding strength. Moreover, we
estimated the error variance vy yqr Of this estimate (Rubin et al.

2017):
sel sel
+05 : +0.5
Yx = log ( input ) — 108 ( mput ) (10)
+05 Pt 405
1 1 1 1
Yx,var mput +0. 5 sel +05 Cznput +0. 5 igtl +0. 5

(11)

Fitness landscape of the FYN protein SH3 domain

Data was used as reported by the original study (Escobedo et al.
2025). Specifically, we downloaded the processed data from GEO
(GSE266299) used the scaled relative fitness measurements and
the reported experimental errors for our downstream analysis.

Fitness landscape of a self-splicing intron

The number of reads for each variant across six-replicates in the
presence and absence of Kanamycin was collected at 30° from
the original study (Soo et al. 2021). Following Soo et al. (2021),
fitness y, for each sequence x was estimated as the log,(Fold
change) between Kanamycin treated and control samples using
PyDESeq2 (Muzellec et al. 2023) without shrinkage towards zero,
and squared standard errors were kept as measure of experi-
mental variance ¥y vsr for downstream analysis. Local Epistasis
Regression was used to estimate the complete combinatorial
fitness landscape taking into account the experimental errors for
each of the sequence using all available data except 0.5% (327)
sequences. We computed the posterior mean and variance for
these 327 sequences to evaluate the performance of the model in
unobserved sequences. Using the posterior mean for the com-
plete fitness landscape, we computed the variance explained by
epistatic interactions of every possible order for each site and be-
tween pair of sites using gpmap-tools (Marti-Goémez et al. 2026b).
We then generated a low-dimensional representation in which
distances between pairs of sequences reflect the expected time to
evolve from one sequence to the other (McCandlish 2011) under
an evolutionary model in the weak mutation regime as imple-
mented in gpmap-tools (Marti-Gémez et al. 2026b). We generated
visualization coordinates under different strengths of selection
by choosing different values for the expected fitness under long-
term mutation-selection-drift (i.e. expected fitness at stationarity,
Figure S3). A long-term expected fitness of 1.6 (corresponding
to the 87% percentile in the distribution of fitness values) was
used for the final visualization.

Data and code availability

The methods presented in this work have been implemented in
gpmap-tools v0.4.2 (Marti-Gémez et al. 2026b), an open-source
library available at https:/ /github.com/cmarti/gpmap-tools.
Code and data to reproduce the analyses presented in this paper
are available at https://github.com/cmarti/deltaU.
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Supplementary Information

Epistasis on fitness landscapes

Let f be an a’-dimensional vector encoding the fitness associated with each genotype in the space of possible haploid sequences with
a alleles and ¢ sites S = {1,2,...,£}. In this section, we review two common ways to quantify epistasis in a fitness landscape: one
based on local epistatic coefficients (Zhou and McCandlish 2020; Chen ef al. 2021) and a second one based on the variance explained by
genetic interactions of different orders (Stadler and Happel 1999; Zhou et al. 2022) or across subsets of sites (Marti-Gémez et al. 2026b).

Variance components Any fitness landscape f can be decomposed into orthogonal components f; corresponding to genetic interactions
of order k

¢
f=Y fe (S1)
k=0

These components can be obtained by projecting the f into the kth-subspace using the orthogonal projection matrix Py given by the
Krawtchouk polynomials (Stadler and Happel 1999; Zhou et al. 2022):

) =t k 1) — 1)k d(x, x")\ (£ —d(x,x)
i) =a”f L1 (TN (), <)

Moreover, each k-th order subspace can be further decomposed into orthogonal components corresponding to the contributions of
interactions between specific subsets of sites U C S of size k:

f= Y fu (S3)

UeP(S)

where P(S) is the set of all subsets of S (i.e. the power set of S) and fi; = Py f, where Py is an orthogonal projection matrix onto the

corresponding subspace. Each such Py; can be expressed as a Kronecker product of a series of site-specific projection matrices onto the

constant subspace, defined by Peon = %HT, and the orthogonal or additive subspace, given by P,qq = I — Pcon. In particular

14

Py =@ Picu, (54)
i=1

where Pici; = Pygq whenssite i € U and Pjcy; = Peon otherwise (Marti-Gémez et al. 2026b):

Pu(x,)=a"" J] (-1 [ (-1). (S5)

ieU:x;=x] ieU:x; #x!

Because U-components are orthogonal to each other, the total variance in a fitness landscape can be expressed as a sum of vari-
ances explained by genetic interactions of order k (i.e. summing over all U with |U| = k) or by interactions between the sites U,
respectively (Marti-Gémez et al. 2026b):

I
Var[f]zlgvarvk]: Y. Var[ful. (S6)

UeP(S)

Local epistatic coefficients The classical way to quantify epistasis is through the definition of the epistatic coefficient € for a pair of
mutations at different loci A — a and B — b, which quantifies the difference in the effect of mutation A — a in the presence of allele B
compared to that in the presence of allele b at the other locus:

€= (fap — faB) — (fav — fa)- (87)

This epistatic coefficient is defined locally, as it depends only on four specific genotypes sharing the same genetic background. Still, we

can compute the average magnitude of local epistatic interactions €2 in a given fitness landscape by averaging the its squared values
across every possible pair of mutations at every possible genetic background:

- 1
2 — ngA(Z)f, (S8)

where s = (é) (3)20/*2 is the number of epistatic coefficients and A? s a positive semi-definite sparse matrix (Zhou and McCandlish
2020; Chen et al. 2021). These results can be generalized to quantify local epistatic coefficients of any order P using

0 ifd(x,x") > P
A(P> xlxl = , , B ) 59
( ) {(—1)d(x'x>(zx— 1)P7d(x,x)(Pfa(Jl:/x/>) ifd(x,x') < P, (89)

where d(x, x") represents the Hamming distance i.e. number of single point mutations, separating sequences x and x', such that the
sum of the squared P-th order local epistatic coefficients is given by f TA() f and the mean sqaured P-th order local epistatic coefficient
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is obtained by dividing by the number of such coefficients (f,) (g)pv/}’*p (Chen et al. 2021). Interestingly, A(P) can also be expressed as a
weighted sum of the projection operators into the k-th order subspaces given by Pj:

4 4
AP =Y NPo= Y M, (510)
k=0 k=P

where Ay = a (lk,) (Chen et al. 2021) correspond to the eigenvalues of the A(F) operator. Note that the second equality arises because
(IJE) = 0 for k < P, corresponding to the fact that all local P-th order epistatic coefficients are zero for any function f with maximal

order less than P (so that all such functions are in the null space of A(P)) and that moreover alteration of any component of order less
than P for an arbitrary f leaves all P-th order local epistatic coefficients unchanged.

Epistatic coefficients among subsets of sites

In this section, we describe how the AP) operator that extracts the sum of squared epistatic interactions in a fitness landscape can be
decomposed into the sum of simpler operators that we call A, corresponding to local epistatic interactions only among a subset
of sites U C S. These results generalize the main text results focused on local epistatic interactions between pairs of sites i and j
ie. U={ij}.

Let Ey; be a sy x a’ matrix such that the entries in the Ey; f vector encode all the local |U|-th order epistatic coefficient for a subset
of positions U. sy is the number of different epistatic coefficients corresponding to local |U|-th order mutant epistatic coefficients
within sites U, and is given by the product of the number of genetic backgrounds at sites not in U «‘~ /Ul and the number of possible

combinations of mutations across the sites U (5) i,
[u| [u| ¢
gl (T ey (el =D at
su=uw (2) o ( 5 STl (o —1)I%0 (S11)
Thus,
— 1 1
et = —(Euf)"Euf = — 1A, (812)
Su su

where the entries of AW for a pair of sequences x and x” can be obtained by summing over all possible local |U|-mutant epistatic

coefficients between sites in U
Su
AW (x,x') = Y Ey(m,x)Ey(m,x'). (S13)
m=1

Ey(m,x") = 0if sequence x’ is not involved in epistatic coefficient m, and takes values —1 or 1 otherwise. Thus, we only need to
sum overlocal epistatic coefficients involving both x and x'. If x; # x/ for any position i ¢ U, then sequences x and x’ cannot be
involved in any epistatic coefficient and thus AW (x, ) = 0. Otherwise, Ey; (1, x)Ey (m, x') = (—1)4%¥') depending on the Hamming
distance between them d(x, x’). Moreover, the number of local |U|-mutant epistatic coefficients that involve both sx and ' is given by
(a — 1)IUI=d(xx) Thus

(S14)

Al) (x,x) = (—1)d(x,x’)(,x — 1)\U|*d(x,x’) if x; = x: Vig U
, o otherwise.

We can verify that we can recover the A(P) operator by summing A(Y) over all possible subsets of sites U of size P. If d(x, x') > P, there
is no single set of sites U for which the context at sequences x and x’ can match and thus L ju|=p AW (x,x') = 0. For d(x,x') < P,
the entries of AU (x, x') are the same but they are summed over multiple U. As we only sum over U’s such that x and x’ share the
context, the number of times we are summing them corresponds to the number of ways we can choose P — d(x, x') sites that match
out of the ¢ — P sites in the shared context between them. Thus,

AW (x,¥') = {(1)‘“"'“’(“ — P, BP ) i d(x,x) < P

515
0 ifd(x,x") > P, G15)

u:|uj=p
which exactly matches the A(P) operator (Zhou and McCandlish 2020; Chen et al. 2021).

Relationship between local epistatic coefficients and variance components

In this section, we describe some properties of the new A(U) operator and the relationships with the projection operators into the
subspaces corresponding to interactions of different orders and subsets of sites U.

One useful property of the A(U) operator is that it can be expressed as a Kronecker product of site-specific matrices

l l ips
P, ifield
AW = R Ajey = {4 S16

= {I ifi e U, S
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with entry-wise formula given by:
ADxy= ] @-1) JT (-1 T T o (S17)
iel ield i¢Uu igu
Xi=X] XiFX] Xi=X]  XiFX]

(u

Thus, we can use the mixed-product property to show that the columns of P s are eigenvectors of A(Y) with eigenvalue a/Ul if U C U’

or are in the null space of A whenever U ¢ U’

L L 4
APy = R Aicu Q) Picwr = @Q AicuPicurs (518)
i=1 i=1 i=1
where
Pon ifigUANigU
Pdd lfléLI/\ZEUI
AicyPictr = 2 519
R ifieUnigU (519
aP,gq ificUAniel.
Therefore
Ulpy ifucu
AP, =8 = 520
Yo iU g U (520)
Because the projection operators Py are orthogonal to each other, we can express A() as a linear combination of P,y weighted by
their eigenvalues (either 0 or zx‘u‘):
AW =1y py, (S21)
u-ucu

so that, using the fact that sums of projection matrices into orthogonal subspaces are themselves projection matrices, we see that A(Y)
is itself just a |U|-dependent constant times a specific projection matrix. Moreover, this relation between A and the Py with U C U’
can be used to derive the relationship between the A(F) operator and the projection operator into the kth order subspace Pj:

A(P) — Z A(u) = Z alu‘ Z PU’ = ap Z Z Pu/. (522)

U:|ul=p w:jul=p  uucw u:|U|=p u:ucu
It is now easy to see that the number of times we are summing each Py depends on the size of U'. In particular, it corresponds to the

number of U : |U| = P subsets in U’, which can be calculated as the number of ways of choosing |U| = P sites out of |U’|. Then, we
can use the fact that Py = Y 7. y)— Pu (Marti-Gomez ef al. 2026b) to recover the eigendecomposition of the AP) operator (Chen et al.

2021):
AP =P Y ('LII;‘)PU, =Y (;) Y Pp=Y 4 (Il§>Pk. (523)

u:|u'|>p k>P u:|u'|=k k>P

Relationship between local |U|-way epistatic coefficients and the epistatic variance explained by the subset U

A useful low dimensional summary statistic to describe the patterns of genetic interactions across subsets of sites in a fitness landscape
is the epistatic variance explained by a set of sites U (Crawford et al. 2017; Reddy and Desai 2021; Marti-Gémez et al. 2026b). We define

this variance Var(!) [f] to include not only the variance explained by |U|-way interactions between mutations at the sites U, but also

all other interactions of order higher than |U| where all sites in U are involved, so that Var(W| f] provides an overall measure of the
amount of |U|-way and higher epistasis that the subset of sites U is involved in. This quantity can be computed by projecting the
fitness landscape f onto the 2! subspaces defined by every possible U’ given by f; = Py f, summing over the fi;’s of interest and
computing the inner product.

T T
w2 fo) (2 ow)=( £ mer) (£ mr)-r( F o) e
u-ucu u-ucu u-ucu u-ucu u-ucu’

4
Y Pu= ) QPeu. (S25)

u-ucu’ u-ucu’ j=1

where

As the Kronecker product is commutative up to row and column permutations given by Q; and Q;, we can write the factors in order
depending on whether the sites are in U or not:

y Pw:Ql< y ®Pieu/®aeu/> -0 <®Padd » ®Pieuf> o

usucu utucu'ieu igu iel utucu’ i¢u
(526)

¢ s
P, ficl _
=Q <®Padd®1> Qz=®{1 dd ;f;eu:a CIFNCIN

iel i¢u i=1
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Thus, this shows that the sum of squared epistatic coefficients among a subset of sites U given by fTAU) f is equal to the epistatic
variance explained by those sites Var(t) [f] multiplied by a factor of alUl. Noting that fTAU) f = %su and simplifying s;;/alUl yields
Equation 2 in the main text. Similarly, the sum of squared local P-epistatic coefficients across the complete fitness landscape given by
FTAP) f can also be interpreted as the sum the epistatic variances of all possible combinations of P sites multiplied by a factor of a”.

Relationship between mean and variance of local |U|-way epistatic coefficients and the variance components

In the previous sections, we have shown the relationships between the average squared epistatic coefficients between mutations at
sites U and the total variance explained by interactions of order |U| or larger involving all sites in U. In this section, we describe how
these quantities relate to the mean and variance of the distribution of |U|-way epistatic coefficients for a set of mutations within sites
U. To do so, we first decompose the epistatic coefficients between mutations at sites U into the epistatic coefficients for each possible
combination of mutations at sites U. Using this more granular statistic, we derive the mean of the epistatic coefficients between a
given set of mutations, and use its square, together with the average squared epistatic coefficient to compute the variance. Finally, we
take the average of these variances over all possible combinations of mutations at sites U and derive its relationship to the variance
components defined over the subsets of sites U.

Let C = {{c11,c12},- .-, {ck1, cro} } be the set of k pairs of characters at a set of k positions U and e;¢ be the a‘~-dimensional vector
of k-way epistatic coefficients between the mutations specified by C across every possible genetic background. Let E;c be an a’~* x «f
such that e;;c = Eycf and note that this matrix that can be expressed as a Kronecker product of site specific factors:

Eyc = 527
uc =& I ifigU, (527)

i

‘ {Efﬂfcfz ifielU

where E;""? is a row vector with entries given by

1 if X;i =C1
Ef?(x) =4 -1 ifx; =0 (S28)
0 otherwise.

Using these expressions, we can compute the average squared epistatic coefficients restricted to the sets of mutations defined by C
as
o 1 T L rpr 1 r,uc
elic = T (Eucf) (Eucf) = ——u/ Buckucf = o f AU, (S29)

where A(UC) can be easily computed by using the Kronecker factorization of Eyjc
14 01,0 e
A2 ifiel
AUC) = i S30
@ I ifi ¢ U. (530)
The factor A{"2 = (E{**)TE{1** takes the form
1 if(xj=ciAxj=c1) V(i =coAx, =c2)
A (") = =1 if(xj=c Axl=c) V(xi=cpAxl=¢p) (S31)
0  otherwise.

It is easy to see that ", ., A;"? = aP,qq and that A can be expressed as a sum of AHO) for all possible combinations of pairs of
alleles C at sites U.

Ci,Cin g l CitCi2 e 7
AR ifje U {IZCAil 2 1f16U_A(u) (S32)

4
AUC) — = =
Tate g Tl o
Next, we use the Ejc to compute the average epistatic coefficients €;;c between the set of mutations defined by C at sites U across
all possible genetic backgrounds:

_ 1
cuc = WITEUC f. (S33)

This quantity corresponds to the previously proposed background-averaged epistatic coefficient for parametrizing and describing
sequence-function relationships (Faure et al. 2024a; Petti et al. 2025). As the sign of €;;c depends on the ordering of alleles c;; and c;, for
each position i, we can use its squared value €;c2 to describe the magnitude of the average epistatic coefficients independently of the
choice of reference allele at each position:

1 2 1
2 T TrT 44T
€uc” = (O(Hml Eucf) = ,Xzzfz\u\f Egc11” Eycf- (534)
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20 Local epistasis regression

Let AL.[C = ﬁEacllTEuc, so that ;¢ can be expres.sed as a function of a quadra.tic form with this matrix given by ﬁ f TAucf.
To derive a simple expression for Ajjc and understand its relationship with other objects, we use the fact that all of the matrices Ey;c
and 117 can be expressed as Kronecker products of site specific factors:

1

(S35)

E¢iea TECH/CIZ ifieUu ¢ AR ifie U
Auc = = \u\ EGc11Eyc = = ( !

|U®{111T1 ifigU @ “11T ifi ¢ U.

It is easy to see that Ayjc is in the subspace defined by genetic interactions of order |U| between sites U since PjyAyc = Ayc. In fact,
if we sum over all possible combinations of mutations C, we obtain a matrix that is proportional to the projection operator into the
U-subspace Py;:

A ifieUd Loy o A ifieu L [aPgg ifieU
Ay — _ cinCiz i - a —lUlp,. 536
Z uc Z®{ 11T if ¢ u. @ %117" if i ¢ u. ® Peon if i §§ u. u ( )

Using this equivalence, we can show that the average squared mean epistatic coefficient for mutations at sites U is proportional to the
variance explained by genetic interactions of order |U| between those sites:

1

1 _ 1
pE L e = \u\zae T Aucs = WfT<;Auc>f=WfT(;Auc>f

Ju u (S37)
Wit =20 (25) varlf

()\U\ —|U|

Finally, we can derive the variance over local epistatic coefficients between mutations at sites U by using the relationship between

the variance and the raw second moments Var|ey;c] = eac — egc? as well as the average variance across all possible sets of mutations
C at sites U and show that it is proportional to the variance explained by genetic interactions of order higher than |U| involving sites U:

1 1 — 1 1 .
Varleu) = gy Lo Vareue] = g X (ebe —7?) = oy L~ ooy 2 -

- % (af1>u (Var){f] - Var[fy]) = % (a x 1)u Va2 [

Covariance function between sequences differing at subsets of sites

In addition to characterizing interaction structure through squared epistatic coefficients or epistatic variances of specific subsets of
sites U, it is often useful to summarize an arbitrary landscape f by how similar fitness values are for sequences that differ at particular
sets of sites. In particular, let H(x, x") be the subset of sites at which two sequences x and x' differ

H(x,x")={i€S:x; # x}}. (S39)
We define the covariance function for a mismatch set D as
1 ~ _
GO =g L (f&-HUE-), (540)

(x,x"):H(x,x")=D

where f = a~Y, f(x) and Np = a’(a — 1)/Pl is the number of sequence pairs that differ at sites D.
Cf(D) can be expressed as a quadratic form C(D) = NLD (f — H)TAp(f — f), where Ap is an &’ x a’ matrix given by
1 ifH(x,x')=D

0 if H(x,x") # D. (541)

Ap(x,x') = {

This matrix can be written as a Kronecker product of single-site matrices, enabling efficient computation of this quantity without
explicit evaluation of the matrices Ap (Marti-Gémez et al. 2026b):

4p=Q I ifi ¢ D. (542)

! {11T1 ifieD
i=1

Moreover, if we consider the decomposition of f into its orthogonal components fyy = Py f such that f = Y cp(s) fu, we can
express the covariance function as a sum of covariance over all the possible U-components:

T
1
D) =5x-| L Puf| 4o | L Puf :N Y. fiPuApPufu= ), Cp,(D (543)
D \uep(s) UuepP(s D uep(s) UeP(s)
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Next, we note that Py Ap Py can be easily calculated through multiplication of their Kronecker factors individually:

—Pa44 ifieDANiel
¢ iy .
PaADPu:® (¢ = 1)Peon %fz'eD/\z'éll (544)
i1 Padd ifigDANiel
Peon ifig DNi ¢ U.

In fact, this can be summarized as PEADPU = (—1)IPUl(g —1)IPI=IDNUIp;; Since fi; is in the U-subspace, Py fiy = fi and thus

Cu (D) = NLngpllADPUfU = <m) (fg(—l)‘mu‘(“ - 1)‘D|_‘Dmu‘Pufu)

— - t(—1)IPNU (g —qy-IDUl T g || full? a—{(—1)\PNUl (4 _ 1ylUl=IPnU] (545)
(x — 1)Ul
2
_ 7(oj|ful|>‘|uw wy (D).

Here, we denote by wy;(D) the contribution of genetic interactions among sites U to the covariance between sequences that differ at
sites D. We refer to these quantities as subset-resolved covariance weights and they are related to the classical Krawtchouk polynomials
wy (d) arising in the Fourier analysis of fitness landscapes (Stadler 1996; Zhou et al. 2022). In particular, the functions wy (d), which
depend only on the Hamming distance d = | D], are recovered by summing wy; (D) over all subsets U of size k,

wi(d)= ) wy(D), for any D such that |D| = d.
u:|Uj=k

Gaussian random field landscapes
In the previous sections, we have explained different ways to characterize the patterns of epistatic interactions in a given fitness
landscape f. Here we aim to define a probabilistic ensemble of fitness landscapes via a Gaussian distribution p(f). This Gaussian
distribution can be used as a theoretical random fitness landscape model, similar to the classical random fitness landscape models e.g.
Rough Mount Fuji, NK or House of Cards landscapes (Kingman 1978; Kauffman and Weinberger 1989; Aita and Husimi 1998), or as a
prior distribution for Gaussian process inference

p(f) = N(u K), (S46)
as previously proposed (Zhou et al. 2022, 2025). Here, we generally assume that the prior Gaussian distribution has zero meani.e. y = 0.
To define this prior, let Qi be an al x (2 — 1)‘”‘—dimensional matrix containing an orthonormal basis for the subspace defined by
|U|-way interactions among the sites U (i.e. the column space of Py;). We assume that the coefficients for these basis vectors are drawn
independently from a zero-mean Gaussian with variance Ay;. In particular, let by; be the (a — 1)!Ul-dimensional vector of coefficients:

by ~ N(0,Ayl). (S47)

If we then define f = } yjep(s) Qubu, it is easy to see that f is also a zero-mean Gaussian distribution with covariance matrix K given
by

.
K=Ef[ff1=E || ¥ Qubu <§Qu'bu') = Y QuE|bubl| Q= L AwQuQli= ¥ AuPu  (549)

UeP(s) uu UeP(S) UepP(s)

Since the columns of Qy; are orthonormal, P; corresponds to the projection matrix into the function subspace spanned by interactions
between sites in U, as given by Eq. S4. Here, we note that the entries of P;(x, x’) only depend on the Hamming distance between
sequences x, x’ at sites in U, but not on the alleles at which they match or differ. Thus, the covariance matrix K(x, x’) only depends on
the subset of sites at which x and x’ differ.

Moreover, the variance of the regression coefficients Ay for each subset of sites U determines the expected variance explained by

interactions between exactly sites in U and is given by E FN(0,K) [\ |ful \2] =(a—1) ‘U|Au.

Ey [lfull] = Ef [fifu) = Ef [(Puf)T(Puf)] = Ef |fTPuf]. (549)

We note that samples from the random field model f ~ A (0,K) can be drawn by first drawing z ~ N (0,) and then computing
f= K%Z, such that
1 1
Ef [pruf] —E. [(Kzz)Tpu(Kzz)] . (S50)

Moreover, as the columns of Py are eigenvectors of K with eigenvalue Ay; and P;; matrices are orthogonal to each other, K: =
ZUGP(S) VAyuPy and thus

Ef [||fu|\2] —E, [AuzTPuZ] — Aute(Py) = Ay Y Pu(x,x) = Aya (lx—f(a - 1)‘“‘) = (a—1)UAy. (S51)
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A prior distribution for fitness landscapes

Because for sequences of length ¢ these priors are defined by there 2¢ values Ay, defining and interpreting this large number of the
parameters can be challenging. Here, we use the relationship between the A and the projection operators into the U-subspace
shown in Eq. S21 to define a simplified prior where the A{; corresponding to interactions of order higher than P are parametrized via
the different (I/;) values of ay;:

A Au if Ul <P (S52)
u-= 1 : _
To understand the role of the parameters a;; in the prior, we can write it as

p(f) e fTKf _ 7 Ruuier o /T Puf=Euui—p Z%fTA(”)f, (553)

where sy; is the number of local epistatic coefficients between sites in U and the value of a;; modulates how much the prior penalizes
these coefficients for a given f. Interestingly, one can see that as a;; — oo, A{; approaches 0 for all function subspaces explained by
interactions involving the sites in U, essentially removing interactions of order equal or higher than |U| involving the set of sites
U. For instance, for P = 2, setting ajj = oo enforces the assumption that there are no genetic interactions between sites i and j or,
equivalently, that the effects of mutations at site i never change when introducing an additional mutation at site j. This property allows
us to define prior distributions where genetic interactions of order higher than |U| are allowed, but are constrained to specific sets of
sites. Similarly, if we set all the A;; = ¢ for |U| < P we see that the first sum in the exponent of Equation S53 becomes proportional to
the squared norm of the projection of f into the null space of A(F). Taking the limit ¢ — oo is then equivalent to imposing a uniform
prior on these directions, and for the special case P = 2 we recover Equation 4 in the main text.

Next, we consider the expected average squared epistatic coefficients involving sites U under the prior distribution f ~ N(0,K),
parameterized by the lower-order variances A(; and ay; for |U| > P. To draw samples from this prior, we can first sample z ~ A(0, I)
and then set f = K'/2z, so that Cov[f] = K1/2(K/2)T = K (for any matrix square root K'/2). One way to define the matrix square
root is via its known eigendecomposition K/2 = Yuep(s) VAyPy. Then, we consider the average squared epistatic coefficient for any
f and compute its expectation when f are drawn from the prior distribution as follows

S tr((Kl/z)TA(u)Kl/z) . (S54)

RPN
]EfLuf A su

- E, [SLZT(Kl/Z)TA(U)Kl/ZZ} _
u

We compute the K1/2AW K1/2 product by using the known eigendecompositions of K and AU

1 1 1
E 7fTA(u)f:| = tr( Z )\U/Déupu> = — Z /\u/DC‘u‘ tr(Pu/)
Isu Su - \w.ucu SU yrucw
u _ u’'|
_1 S S [P i (“ 1) 1
Su u-ucu a‘u | ZU”QU’ ayr Su u-ucu’ 28 Zu//gu/ ay

(S55)

alUlplul (a_l)lu’ 1
al(a =)l e\ a

ol (zx—l)lul o > <a—1)u’| 1
- Zlu‘ o uucur 14 Zu//gu/ ayr ’

Thus, we can see that the expected average squared local epistatic coefficient for sites U does not depend only on the value ay;, but also
on all other a; such that both sets have at least one site in common (|U N U’| > 0). For instance, if we let a;; — oo for a particular U,
Ay for all U’ that include the whole set of sites in U will be set to zero, decreasing the expected average squared epistatic coefficients
for sites involving sites in U'.

Zu//gu/ ayr

Relationship with the Connectedness Model

In this section, we review the Connectedness Model and its relationship to Local Epistasis Regression. The Connectedness Model was
first introduced as a Gaussian random field model by Reddy and Desai (2021) to allow different loci to have different probability of
being involved in epistatic interactions with mutations at other sites. Then, it was used as a prior distribution in a Gaussian process
model, uncovering the set of sites that are more strongly involved in epistatic interactions and using that information for inference of
high-dimensional empirical fitness landscapes (Zhou et al. 2025). Here, we show that the Connectedness Model can be derived as a
particular case of Eq. S48 as a function of the variance associated to the constant component Ap and the variance associated to the
additive contribution of each site A;

Au=TTA T o (S56)

ield igU
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If we plug this into Eq. S48, we can see that the resulting kernel can be expressed as a product of site-specific kernels

¢ ¢ (5 .
- - Ao P, 1¢Uu
K= Y aPu= Y JTM[TMQ®Peu= Y ®{/~\0Pcon '¢u
UEP(S) Uep(s)yiel igl =1 uep(s)i=1 (Nifadd 1€ (©57)
¢ ¢
= @ (AoPeon + AiPadd) = Q Ki,
i=1 i=1
with entry-wise formula given by
k) =a™" TT (lo+Aia=1)) TT (Ao —Ay). (S58)

i =x! i #X]

This kernel can be reparametrized as a function of the prior variance 0? and the correlation under this kernel parametrized by
Ui = A/ Ag assuming Ay > 0 as in Zhou et al. (2025):

k(x,x")=c* T _lom (S59)

X X,

This construction shows that the variance explained by epistatic interactions under the Connectedness Model is completely specified
by the variance explained by the additive contribution of each individual site. In contrast, Local Epistasis Regression allows arbitrary
relationships between the additive and pairwise contribution of individual sites and pairs of sites, but the variance for higher-order
interactions is fully specified by the the variance associated to pairwise interactions between specific pairs of sites (Eq. S52). These
models also make different assumptions on how the variances associated to lower-order interactions combine to specify the variances
associated to higher-order interactions. In particular, in the Connectedness Model these variances combine multiplicatively (Eq. S56),
whereas in Local Epistasis Regression they are proportional to the harmonic mean of the variances associated to pairwise interactions

between each possible pair of sites in U

1

A -, (360)

Yicjeu i

1 1
where A;; = ——.
U alay

Inference of fitness landscapes under the prior

In this section, we review how to do Gaussian process inference of a complete fitness landscape f from high throughput experimental
data (Marti-Gémez et al. 2026b). We start by defining a Gaussian prior distribution over the space of possible fitness landscapes
p(f) ~ N(0,K) that assigns higher probability to fitness landscapes that we believe are more plausible a priori.

Let y be an n-dimensional vector of measurements with known experimental Gaussian error given by the variance n-dimensional
vector Yy for a subset of n < at sequences X. As both the prior distribution and the likelihood function are Gaussian, the posterior
distribution is also multivariate Gaussian with closed form analytical solution (Rasmussen and Williams 2008) for the mean

f = Kix(Kxx + Doar) "y (S61)

and covariance matrix
K — K.x(Kxx + Doar) 'Kxs, (S62)

where Kxx, K,x, Kx« are submatrices of K indexed by sequences X and *, where * represents all possible sequences, and Dy, is a
diagonal matrix with the known experimental variances 4, along the diagonal.

Despite the simplicity of the solution, practical evaluation of these expressions becomes challenging as the number of observations
increases. Traditional approaches rely to computation of the Cholesky decomposition of the Kxx + Dy, matrix to then use efficient
triangular solves to compute the solutions to the linear systems rather than using direct matrix inversion for higher numerical stability.
However, the algorithm for computing this decomposition is O(1n3) and cannot be parallelized, which has traditionally limited the
applicability of Gaussian process models to datasets with at most few thousand data points (Rasmussen and Williams 2008). In
previous work, we have circumvented this limitation by leveraging the mathematical properties of the specific precision or kernel
matrices, which could be expressed as polynomials in the Laplacian of the Hamming graph representing sequence space (Zhou and
McCandlish 2020; Zhou et al. 2022; Chen et al. 2021; Marti-Gémez et al. 2026b). This property allowed us to encode these matrices as
linear operators that allow computing matrix-vector products efficiently without explicitly storing them in memory, and use these
operators together with iterative methods for solving systems of linear equations to scale these methods up to a few million data
points.

Here we use a similar strategy by finding a representation of the kernel matrices that enables efficient computation of matrix-vector
products without explicitly constructing them in memory, even if the kernel matrices presented here cannot be represented as
polynomials in the Laplacian of the Hamming graph.

In the case of the Connectedness Model (Zhou et al. 2025), the kernel can in fact be expressed as a Kronecker product of ¢ site-specific
a X « matrices (Eq. S57), which enables fast computation of matrix-vector products by leveraging the mixed-product property, which
reduces the complexity to that of computing ¢ products of an a x a matrix with an a x a/~1 matrix (Marti-Gomez et al. 2026b,a).
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In the case of Local Epistasis Regression, the kernel matrix can be expressed as the sum of 2! matrices, each of which is Kronecker
factorizable

K= ¥ u@Pe (569

UuepP(S) i=1

While this enables computation of matrix-vector products with a total of 2// « x a by a x a/~! matrix products, the computational

burden of these calculations is much larger compared with previous approaches e.g. requires 2¢ times the computation needed in the
Connecntedness model. However, here we note that all of the 2¢ kernel matrices represent different combinations of only two different
Kronecker factors Peon and P,q4, which allow us to re-use parts of the computation. In particular, we can decompose any Pj; as follows

¢
Pu=QPeu= Pleu®@I® - @I @Pcy®@---®1)...(101® - & Prey) = MicuMaeu - - - Myeu- (S64)
i=1

While the M matrices are still Kronecker products of ¢ matrices, ¢ — 1 of the factors correspond to the identity matrix and thus leave
the matrices they act on unchanged, reducing the computation to a single & x a by & x a’~! matrix products. Importantly, P;; matrices
differing only at the factor at the first site can be computed with a single additional operation from the same intermediate result

Pyv = Myey(Maey - - - Myeuv). (S65)
The intermediate results can also be computed in the same fashion
MacuMsey - .- Myeyv = Maeu(Mseu - - Myeu?) (S66)

so that the computation can be shared with products of the same vector with other P for a different subset of sites U’. These
computational dependencies can be represented by a bifurcating tree where nodes represent a-dimensional vectors and edges
represent matrix-vector products with specific M;c(; matrices. The vector v is located at the root of the tree, allowing computation of
the intermediate vectors at each of the nodes of the tree up to the tips containing all the Pj;v for every possible U. This algorithm
reduces the total number of operations from 200 t0 2! Zf:o 2~1. This series converges relatively fast to 2041 resulting in an approximate
¢/2-fold speedup even when ¢ is small. For instance, for £ = 8, the number of matrix-matrix products goes from 8 x 28 = 2048 under
the naive approach to 510, nearly achieving the expected 4-fold increase in computational efficiency.

Hyperparameter optimization

In order to infer a fitness landscape under a given prior distribution, we must first choose the parameters that define the properties of
the prior, also known as hyperparameters. Here, we generally consider prior distributions defined over the space of possible fitness
landscapes f defined by a kernel function k(x, x) that returns the covariance for any pair of sequences x and x’ given by

k(x,x")y =Y AuPu(x,x), (S67)
UueP(S)

where Pyj(x, x") is the covariance due to interactions between exactly U sites between sequences x and x’, which depends only on the
combination of sites at which they differ P;(x,x") = wy(H(x, x’)); and where the parameters A; can be free or a function of a smaller
set of parameters generally called 6 (A; = g(8)) e.g. Eq. S52 in Local Epistasis Regression and Eq. S56 in the Connectedness Model.
In this work, we use a strategy known as kernel alignment (Wang et al. 2015; Zhou ef al. 2022) or Haseman-Elston regression (Hase-
man and Elston 1972), in which the prior covariance approximates as closely as possible the patterns of covariance in the empirical
data. Specifically, this is done by finding the parameter values 8 that minimize the Frobenius norm of the difference between the prior

predictive covariance Kxx + Dy and the empirical second moment matrix ny:
2
argmm Hyy (Kxx(0) + Dyar) ‘F (S68)

Naively solving this minimization problem is challenging, as we need to work with 7 x n matrices, where the number of measured
sequences 7 can be in the order of hundreds of thousands to millions. However, as the prior covariance between two sequences only
depends on the set of sites at which they differ, the dimensionality of the problem can be reduced to a more manageable 2-dimensional
weighted least squares problem as follows:

Hyy (Kxx(8) + Doar) ‘i =) [(%zc — Yxvar) — ke(@)]z + ) Y [Yayx —ko(D)]?

xeX D#set x,x':H(x,x')=D
2
= Ng [H(®) — 2+ ¥ [0A —yrow) — @) + ¥ Np[HD) koD’ + ¥ Y [yxye — D) (S69)
xeX D#Q D#@ x,x":H(x,x')=D

= D No (D) ~ko(D)P + T (7 o) 4@ + & Ly~

xeX D#® x,x":H(x,x')=D
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Since the last two terms are independent of 6, we can find by optimal hyperparameter values §simply as

2

0 = argmin Y. Np |t(D)— Y, Au(®)wyu(D)| , (S70)
DeP(S) UeP(s)

where t(D) corresponds to the second moment, related with the empirical autocovariance function ¢(D) (t(D) = ¢(D) + ?) given by

1 o 3
C(D) _ {n ZXEX(]/X ]/) Yoar D= s71)

B NLDZx,x’GX:H(x,x’):D(yX _y)(]/x’ _.17) D 7é @.
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Figure S1 Application of Local Epistasis Regression to protein datasets. (A,E) Correlation in the measured fitness values for pairs
of sequences differing at each possible subset of sites D arranged according to the Hamming distance d = |D|. Each dot repre-
sents a single distance class D and are joined by lines whenever the distance classes differ by a single position from each other. (B,F)
Comparison of the observed correlation values in the data and the values under the estimated prior ones using Local Epistasis
Regression for every possible distance class D (each dot represents a different D). Correlations were estimated using 80% of the
data for training. (C,G) Heatmap representing the inferred model hyperparameters as 1/4;; for every pair of sites 7, j highlighting
the patterns of genetic interactions across sites under the prior. (D,H) Predictive performance evaluated by the R? between the pre-
dicted and the measured fitness of held-out test sequences when using different amounts of training data for different models (MEI:
Minimum Epistasis Interpolation, VC: Variance Component regression, CN: Connectedness Model regression, LER: Local Epistasis
Regression). Predicted values are the maximum a posteriori estimate given by each method, which is equal to the posterior mean
f. Error bars represent the standard deviation across 3 different random samples for each fraction of training data. Each row repre-
sents a fitness landscape: GB1 (A,B,C,D); FYN-SH3 (E,EG,H).
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Test R?

Figure S2 Comparison of model predictions on the self-splicing intron dataset. (A) Predictive performance evaluated by the R?
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between the predicted and the true fitness values of held-out test sequences when using different amounts of training data for dif-
ferent models (MEL: Minimum Epistasis Interpolation, VC: Variance Component regression, CN: Connectedness Model regression,
LER: Local Epistasis Regression). Predicted values are the maximum a posteriori estimate given by each method, which is equal to
the posterior mean f Error bars represent the standard deviation across 3 different random samples for each fraction of training

data. (B) 2D histogram comparing the fitness landscape reconstructions of the self-splicing intron dataset under Local Epistasis

Regression (LER) and Variance Component regression (VC). (C) Scatterplot comparing the predictions in held-out sequences of the
self-splicing intron dataset under Local Epistasis Regression (LER) and Variance Component Regression (VC).
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Figure S3 Visualization of the inferred fitness landscape using Local Epistasis Regression under different strengths of selection,
where here we quantify the strength of selection by the mean fitness achieved at stationarity, i.e. under long-term purifying selec-
tion. Every dot represents one of the possible 43 possible sequences and is colored according to the predicted fitness. The inset
represents the phenotypic distribution along with their corresponding color in the map. Sequences are laid out according to the first

two Diffusion axes and dots are plotted in order according to Diffusion axis 3.
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Figure S4 Visualizing alleles and allelic preferences across the fitness landscape visualization. Visualization of the inferred fitness

landscape using Local Epistasis Regression. Every dot represents one of the possible 43 possible sequences and is colored according
to the allele (first column) or the difference in the fitness of the sequence obtained when placing a specific allele at an specifc posi-

tion relative to the average fitness of the four possible alleles (four last columns). The inset represents the allelic effect distribution
along with their corresponding color in the map. Sequences are laid out according to the first two Diffusion axes and dots are plot-
ted in order according to Diffusion axis 3.
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