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Reticulate leaf venation in Pilea
peperomioides is a Voronoi diagram

CiCi Xingyu Zheng 1, Shirsa Palit 1, Matthew Venezia1, Elijah Blum 1,
Ullas V. Pedmale 1, Dave Jackson 1, Enrico Scarpella 2,
Przemyslaw Prusinkiewicz 3 & Saket Navlakha 1

Reticulate leaf venation, characterized by the presence of loops, is a distin-
guishing feature of many flowering plants. However, our understanding of
both the geometry and the morphogenesis of reticulate vein patterns is far
from complete. We show that in the Chinese money plant (Pilea peper-
omioides), major veins form an approximate Voronoi diagram surrounding
secretory pores known as hydathodes. We also propose a mechanistic model
based on polar transport of the plant hormone auxin to produce Voronoi
patterns, andwe support thismodelwith experimental evidence. In contrast to
classical models where veins directly connect auxin sources to sinks, our
model generates veins that bisect the space between adjacent auxin sources,
collectively forming loops. The paradigm change offered by this model may
open the door to study reticulate vein formation in other species.

The quest to characterize natural forms in precise, mathematical terms
has a history spanning centuries1. In general, these characterizations
belong to three categories. Partial descriptions characterize some
aspectsof form,but arenot comprehensiveenough to reconstruct them;
examples include symmetry, allometric scaling (e.g., brain size scaling
acrossmammals)2,3 and self-similarity (e.g., broccoli)4. Total descriptions,
by contrast, characterize an entire form; examples include the spiral
shapes of sea shells5 and phyllotaxis (e.g., seed arrangement in the sun-
flower head)6. Generative models explain how observed forms develop
using local interactions; examples include reaction-diffusion models of
pattern formation (e.g., digit formation)7 and Lindenmayer system
models of branching structures (e.g., plant shoot architecture)8. The
ultimate goal is to obtain a comprehensive characterization of form
consistent with the partial descriptions, and a mechanistic model of its
emergence. Here, we seek a comprehensive description and corre-
sponding generative model for reticulated leaf veins.

Despite both their ubiquity in nature and accessibility to study,
reticulate (i.e., closed loop) venation patterns have only been partially
characterized, with few plausible generative models. Partial descrip-
tions include the geometric relationships between branch radii and
branch angles9,10; the spatial distributionof veins across a leaf blade11–13;
the hierarchical nesting and ordering of loops14–16, including their sizes

and shapes17; and how loops provide robustness to vein damage and
flow fluctuations18,19. Generative models of venation patterning at the
molecular level are dominated by Sachs’ canalization hypothesis20–22,
which attributes the patterning of veins to positive feedback between
the plant hormone auxin and its transporters. Thesemodels, however,
typically produce tree-like branching patterns, as opposed to closed
loops23–27. Together, these descriptions andmodels remain inadequate
to explain the development of reticulated veins using plausible mole-
cular mechanisms.

Voronoi diagrams28–30 are geometric patterns that have been
studied for centuries in both computational geometry and mathema-
tical biology. A Voronoi diagram is a partitioning of space into poly-
gons (i.e., closed loops), each surrounding a given generator point,
whichwe refer to as a polygon “center”. This diagram has the property
that all the points within a polygon are closer to that polygon’s center
than any other center. For example, when partitioning a town (space)
into school districts (polygons), a Voronoi diagram guarantees that all
students living within a district are closer to that district’s school
(center) than any other school, thus minimizing distances traveled.
Although Voronoi diagrams are often used as an analytical tool to
interpret biological patterns, such as cell packing, tissue segmentation,
or growth forms of plants competing for light, water or nutrients28,31–33,

Received: 1 July 2024

Accepted: 30 March 2026

Check for updates

1Cold Spring Harbor Laboratory, Cold Spring Harbor, NY, USA. 2University of Alberta, Edmonton, AB, Canada. 3University of Calgary, Calgary, AB, Canada.
e-mail: pwp@ucalgary.ca; navlakha@cshl.edu

Nature Communications |         (2026) 17:4111 1

12
34

56
78

9
0
()
:,;

12
34

56
78

9
0
()
:,;

http://orcid.org/0000-0003-4704-1072
http://orcid.org/0000-0003-4704-1072
http://orcid.org/0000-0003-4704-1072
http://orcid.org/0000-0003-4704-1072
http://orcid.org/0000-0003-4704-1072
http://orcid.org/0000-0002-3007-6298
http://orcid.org/0000-0002-3007-6298
http://orcid.org/0000-0002-3007-6298
http://orcid.org/0000-0002-3007-6298
http://orcid.org/0000-0002-3007-6298
http://orcid.org/0000-0002-5911-0277
http://orcid.org/0000-0002-5911-0277
http://orcid.org/0000-0002-5911-0277
http://orcid.org/0000-0002-5911-0277
http://orcid.org/0000-0002-5911-0277
http://orcid.org/0000-0002-3941-4468
http://orcid.org/0000-0002-3941-4468
http://orcid.org/0000-0002-3941-4468
http://orcid.org/0000-0002-3941-4468
http://orcid.org/0000-0002-3941-4468
http://orcid.org/0000-0002-4269-7649
http://orcid.org/0000-0002-4269-7649
http://orcid.org/0000-0002-4269-7649
http://orcid.org/0000-0002-4269-7649
http://orcid.org/0000-0002-4269-7649
http://orcid.org/0000-0003-2962-0329
http://orcid.org/0000-0003-2962-0329
http://orcid.org/0000-0003-2962-0329
http://orcid.org/0000-0003-2962-0329
http://orcid.org/0000-0003-2962-0329
http://orcid.org/0000-0002-1338-7086
http://orcid.org/0000-0002-1338-7086
http://orcid.org/0000-0002-1338-7086
http://orcid.org/0000-0002-1338-7086
http://orcid.org/0000-0002-1338-7086
http://orcid.org/0000-0002-5505-9718
http://orcid.org/0000-0002-5505-9718
http://orcid.org/0000-0002-5505-9718
http://orcid.org/0000-0002-5505-9718
http://orcid.org/0000-0002-5505-9718
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-026-71768-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-026-71768-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-026-71768-3&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1038/s41467-026-71768-3&domain=pdf
mailto:pwp@ucalgary.ca
mailto:navlakha@cshl.edu
www.nature.com/naturecommunications


there are not many examples of Voronoi diagrams emerging naturally
in biological structures. Moreover, while some structures found in
nature seem to resemble Voronoi diagrams34, in most of these exam-
ples (e.g., giraffe skin patterns35 or secondary veins of dragonflies36)
only the polygon boundaries but not the centers are present (Sup-
plementary Note 1). Thus, rigorously testing whether these examples
are naturally occurring Voronoi diagrams is not straightforward.

We discovered that in Pilea peperomioides, commonly known as
theChinesemoney plant, Voronoi diagrams are an approximate global
descriptor of vein reticulation. To our knowledge, this is the first
demonstration of the occurrence of Voronoi diagrams in plant vena-
tion patterns, where both edges and centers are visible and functional.
We also propose a generative model that approximates these patterns
using a biologically plausible mechanism and present supporting
experimental evidence. This model represents an alternative to the
canalization hypothesis andoffers a newdirection for investigating the
morphogenesis of reticulated networks in plants.

Results
Pilea as a model system for reticulate vein patterns
Pilea peperomioides (Fig. 1a) is an angiosperm from the Urticaceae
family, native to southern China37. The plant has peltate orbicular
leaves, characterized by an almost round leaf blade supported by a
petiole attached to the leaf underside (Fig. 1b).

We studied the relationship between two structures found on
Pilea leaves: hydathodes and veins (Fig. 1c). Hydathodes are secretory
pores and guttation sites found on the leaves of many plant species.
These pores perform numerous functions, including releasing excess
water to regulate hydraulic balance38, removing harmful chemicals38,
and regulating immune responses against leaf-invading microbes39.
Compared to stomata, hydathodes are roughly an order of magnitude
larger, allow for uni-directional flow (as opposed to bi-directional gas
exchange), and are static structures that remain open.

The vein network of a mature Pilea leaf is composed of two types
of primary veins, four types of secondary veins, and a mesh of higher-
order, minor veins (Fig. 1c). Both types of primary veins run the length
of the leaf: the midvein vein runs at the leaf center, and the two lateral
veins run at the side of themidvein. The three primary veins join at the
point of leaf attachment to the petiole and again at the tip of the leaf.
Each of the four types of secondary veins run in a different area of the
leaf: interior veins run between the midvein and the lateral veins; the
peri-marginal vein runs along the leaf margin; exterior veins run
between lateral veins and the peri-marginal vein; and trans-marginal
veins connect exterior veins with the peri-marginal vein. The major
veins, encompassingboth primary and secondary veins, formpolygon-
shaped closed loops surrounding the hydathodes40. Finally, minor
veins form a mesh of veinlets that connect hydathodes to lower-order
veins, completing the vascular system. In this study, we primarily
characterize and study the development of secondary veins (i.e., those
that surround hydathodes).

We imaged flattened Pilea leaves using light microscopy and
developed a semi-automated computational pipeline to extract the
two-dimensional positions of all hydathodes, as well as the network
structure formed by major veins (Fig. 1d, and Supplementary Fig. 1;
Methods). We analyzed 34 leaves from 6 Pilea plants, grown in indoor
conditions (Methods). Most minimal polygons (i.e., polygons that
contain no other polygons) formed by major veins contained exactly
one hydathode (73.11%), and the remaining polygons contained either
zero (10.26%) or > 1 hydathodes (16.63%), which we discuss later.
Polygons in each leaf had a wide spread of sizes and aspect ratios
(Supplementary Table 1).

A geometric framework to quantify Voronoi patterning
Given a set of n centers in two-dimensional space, a Voronoi diagram
consists of a set of n polygons P= fP1, P2, . . . , Png, each enclosing a

single center, such that all points p within polygon Pi are closer to
center i than any other center j ≠ i:

Pi = p : dðp, iÞ<dðp, jÞ 8j≠i� �
, ð1Þ

where d( ⋅ , ⋅ ) denotes Euclidean distance. The boundaries of polygons
are formed along points that are equidistant to adjacent centers.

Due to stochasticity and developmental constraints, it is unlikely
that a naturally formed venation patterning will perfectly satisfy the
Voronoi property in Equation (1) (Fig. 1e). Thus, we developed three tests
to quantify how close a given patterning is to matching the Voronoi
property. These tests, described next, measure: I) how well local geo-
metric relationships between hydathodes and veins follow those of an
ideal Voronoi diagram; II) howwell vein locations can be predicted given
only hydathode locations as input; and III) howwell hydathode locations
canbepredictedgivenonly vein locations as input.We also applied these
tests to tessellations that would be generated if each center (i.e., the
hydathode) were located at three alternative reference locations within a

c

primary
(midrib)

primary
(lateral)

secondary
(interior)

secondary
(exterior)

secondary
(trans-marginal)

secondary
(peri-marginal)

minor
(hydathode-
connecting)

a

e

b2 cm

d 2 mm

hydathodes

Fig. 1 | Major veins and hydathodes in Pilea peperomioides form a Voronoi-like
diagram. a The Pilea plant. bClose-up view of a young leaf. cA sample cleared leaf,
with vasculature and hydathodes stained with safranin, and leaf anatomy labeled.
d The same leaf under lightmicroscopy, with the network of themajor veins (white
edges) and hydathodes (orange dots) traced. Representative example of 34 leaves
imaged. e Overlay of actual major veins (blue lines) with an exact Voronoi diagram
(orange lines) constructed using hydathodes as the polygon centers.
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polygon: 1) the centroid of the polygon (i.e., its gravitational center),
which is often used as a proxy for center locations when centers are
absent41,42; 2) the mid-point of the polygon: produced by sliding a hor-
izontal line through the polygon in the vertical direction along the mid-
vein, stoppingwhen the line ismid-way through the polygon, andfinding
themid-point of the line segment bounded by the polygon edges; and 3)
random points picked within the polygon.

Pilea hydathodes and major veins form a near-exact Voronoi
diagram
Voronoi test I: angle and distance conditions. A corollary of the
Voronoi property (Equation (1)) is that the line segment connecting the
centers of adjacent polygons should perpendicularly bisect the shared
edge of the two polygons (Fig. 2a). This means that the angle (θ)
formed by the line segment and the shared boundary should be 90

degrees, and that the two distances (d1, d2) from each adjacent center
to the shared boundary should be equal. We defined the angle error to
beΔθ = ∣90 − θ∣, and the (normalized) distance error to beΔd = ∣d1 −d2∣/
(d1 + d2). Smaller errors indicate a closer match to an ideal Voronoi
diagram. We computed the angle and distance errors for all 1836
adjacent pairs of major vein polygons (that each contained a single
hydathode) across all 34 leaves (Supplementary Table 1).

The errors induced when using the hydathode locations as Vor-
onoi centers were less than when using the three other reference
locations (Fig. 2b, c). Specifically, the angle error for hydathodes was
8.23 ± 1.13 degrees (mean ± standard deviation), significantly smaller
than 9.35 ± 1.47 for centroids, 10.65 ± 1.82 for mid-points, and
19.51 ± 2.48 for random points (Fig. 2b) (Methods; Supplementary
Table 2). Similarly, the distance error for hydathodes was
0.13 ± 0.02 mm, which was significantly less than that of the other

a b c

d

g h

Voronoi I: angle Voronoi I: distance

Voronoi II

Voronoi III

e f

Point sets
• hydathode
• centroid
• mid-point
• random point

centroid

mid-point random 

hydathode

p < 0.0001

  hydathode
  predicted center 

Fig. 2 | The Voronoi diagram approximation in Pilea is supported by three
statistical tests. a Schematic for the Voronoi I test, applied to each neighboring
polygon pair. b Voronoi I test result (n = 34) for the angle error (Δθ). In panels (b),
(c), (e), and (h), the mean and 95% confidence interval of the estimated posterior
mean areplotted in the foreground. cVoronoi I test result (n= 34) for distanceerror
(Δd). Inset highlights pairwise comparison between errors computed with hyda-
thodes vs. centroids. d Schematic for Voronoi II test. Overlay of the Pilea major
veins (gray) and Voronoi diagram edges (orange) using hydathodes as the centers.
Unions and intersections of corresponding polygons in the two tessellations are
shaded and used to calculate the Jaccard Index. e Voronoi II test results (n = 34).

f Visualization of the pattern mismatch between polygons formed by secondary
veins in Pilea and the Voronoi diagrams generated by hydathodes vs. other refer-
ence point sets. g Schematic for Voronoi III test. Overlay of the Pilea major veins
(gray), hydathodes (orange) with the predicted center location (blue dots), and the
Voronoi diagram (blue edges) generated using the predicted centers. h Voronoi III
test results (n = 33). Statistical comparisons wered performed using one-sided
Bayesian generalized linear mixed-effects models with Bonferroni correction
applied across three pairwise comparisons. Asterisks indicate significance based on
the probability of direction: * p < 0.05, ** p < 0.01, *** p < 0.001.
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reference locations: 0.21 ± 0.02 for centroids, 0.24 ± 0.03 for mid-
points, and 0.41 ± 0.04 for random points (Fig. 2c; Supplementary
Table 2). Thus, the spatial arrangement of hydathodes and major vein
polygons closely followed the local geometry of a Voronoi diagram.

Voronoi Test II: Predicting veins givenhydathode locations. If a true
Voronoi diagram were constructed given actual hydathode locations
as input, how much overlap would there be between the true Voronoi
polygons and the actual polygons formed bymajor veins? To quantify
this, we measured the average area overlap between the true Voronoi
polygons and corresponding observed (major vein) polygons (Fig. 2d):

J =
1
N

X
i

jAðiÞ
true \ AðiÞ

obsj
jAðiÞ

true ∪AðiÞ
obsj

, ð2Þ

where N is the number of single-hydathode polygons on the leaf, and
AðiÞ
true and AðiÞ

obs are sets of points in the polygon for center i in the true
Voronoi diagram and the corresponding major vein polygon,
respectively. This measure, called the Jaccard index, ranges from 0
to 1, with larger values indicating more overlap.

The overlap between true and observed polygons formed by
secondary veins was higher when using hydathodes as centers, com-
pared to when using the other reference locations (Fig. 2e). Specifi-
cally, the overlap for hydathodeswas0.72 ± 0.03, which is significantly
higher compared to 0.67 ± 0.02, 0.64 ± 0.03, and 0.47 ± 0.03 for
centroid,mid-point, and randomcenters, respectively (Supplementary
Table 2). These differences are visually pronounced (Fig. 2f), especially
at the periphery of the leaf blade, where the true and hydathode-
predicted boundaries are particularly well-aligned. The largest mis-
match between the true and hydathode-predicted boundaries occur-
red around the primary veins (Supplementary Fig. 6), which suggests
that primary veins may be patterned by a mechanism different from
that which patterns secondary veins.

To measure how much biological noise would be required to
match the observed deviation from a Voronoi diagram, we added
random noise at each true Voronoi vertex (i.e., at locations where two
polygon boundaries intersect) and calculated the Jaccard index
between the true (noise-free) Voronoi polygons and those formed
after noise was added. The overlap between the noise-free and noisy
Voronoi diagrams matched the observed overlap (0.72) when about
15% noise was added (Supplementary Fig. 2a, b). Thus, the observed
deviations were commensurate with the ideal Voronoi with a small
amount of noise.

To test if an alternative spatial tessellation model can generate
polygons similar to Pilea major vein polygons, we applied a variant of
the k-d tree (Methods), which recursively generates rectangles sur-
rounding hydathodes until all pairs of adjacent hydathodes are
bisected by a rectangle edge (Supplementary Fig. 2c–e). This model
uses a hierarchical spatial sub-division principle shared with the
venation process43–45, and it generates perpendicular bisections
between adjacent cell edges and centers. However, the overlap
between the k-d tree tessellation and the major vein polygons was
0.40 ± 0.03, which was on par with the overlap for random points
(0.47). Thus, Voronoi diagrams are amore likely candidatemodel than
a k-d tree to describe the relationship between hydathodes and
major veins.

Voronoi Test III: Predicting hydathode locations given veins. Given
the polygons formed by major veins, how well can we predict the
locations of the enclosed hydathodes? This is called the “inverse Vor-
onoi”problem46, andour goal herewas to solve for the center locations
that minimize the angle and distance errors for a given tessellation
(Methods)47.

We found that the optimal Voronoi center locations were sig-
nificantly closer to the actual hydathode locations thananyof the three

reference locations (Fig. 2g, h). Specifically, hydathode locations were
0.87 ± 0.38 mm from the true Voronoi center locations, compared to
1.18 ± 0.50 mm for centroid, 1.25 ± 0.53 mm for mid-point, and
1.76 ± 0.72 mm for random points (Supplementary Table 2). This
suggests that hydathodes are located near the true Voronoi centers of
major vein polygons.

In general, these three Voronoi tests can be applied to determine
how close any natural Voronoi-like diagram is to a true Voronoi dia-
gram. To verify their stringency, we applied them to another biological
spatial tessellation: the air chambers (polygons) surrounding air pores
(centers) on leaf-like structures (thalluses) in the liverwortMarchantia
polymorpha (Supplementary Fig. 3, and Supplementary Note 5). We
found that air pore locations deviated more from a true Voronoi dia-
gram compared to centroid locations, and the Voronoi test errors for
the liverwort thallus were larger than those in Pilea (Supplementary
Tables 2, 3). This suggests that Marchantia air chambers and pores do
not form a Voronoi diagram, and that our tests indeed have the sta-
tistical power to distinguish Voronoi-like patterns from other non-
Voronoi spatial tessellations.

The Pilea Voronoi property is robust across stress conditions. To
testwhether stress induces deviations from theVoronoi geometry, we
exposed Pilea plants to light or heat stress (Fig. 3a), conditions which
impact hydathode morphology38,48 and vein patterning49, respec-
tively. We grew 6 plants in each of three stress conditions, namely
shade, high-light intensity, and high-temperature, and collected 128
new leaves that emerged during a five-week treatment period
(Methods). Pilea exhibited various phenotypic changes in response to
these conditions, especially changes in leaf morphology (Supple-
mentary Fig. 4a–e; and Supplementary Note 2). For example, hyda-
thode sizes varied significantly across conditions (Fig. 3b): in high-
temperature, hydathodes were significantly larger than in controls,
suggesting that hydathode size is regulated to manage water loss.
These conditions also led to variation in leaf color and size, though
not in the number of hydathodes (Supplementary Table 1; Supple-
mentary Note 2). Specifically, the histogram of hydathode counts in
each condition followed a right-skewed unimodal distribution with
means that were not significantly different (Supplementary Fig. 4f–g).
While there was stochasticity in exact hydathode locations across
leaves in different conditions, the underlying spatial distribution of
hydathodes was similar (Fig. 3c; and Supplementary Note 3). More-
over, the number of hydathodes per leaf could be described by a
simple Poisson distribution centered at the average of all samples
combined (Fig. 3d).

Despite these changes in leafmorphology, hydathodes andmajor
vein polygons still formed near-exact Voronoi diagrams (Supplemen-
tary Fig. 5) according to the three Voronoi tests. Moreover, the level of
deviation from being a true Voronoi diagram was low for the stressed
plants, similar to the controls (Supplementary Table 2, S3). This indi-
cates that these stress conditions (a) do not disturb the Voronoi geo-
metry between veins and hydathodes, and (b) do not alter the
relatively uniformcharacter of leaf expansion (growth), reflected in the
round shape of Pilea leaves irrespective of their size (Supplementary
Fig. 15), which would otherwise distort an initial Voronoi pattern. In
addition, thepreservation of Voronoi-like patterning in thepresenceof
stress-induced variation in the number and location of hydathodes
implies that this pattern is not pre-specified in development, and that a
local, self-regulatory mechanism might be at play.

Voronoi-like vasculature patterns in Pilea leaves can be pat-
terned by auxin
A key question is the molecular mechanism giving rise to the
observed relation between hydathodes and vascular patterning in
Pilea. The prevalent theory for vein formation is canalization, pro-
posed by Sachs more than half a century ago, which attributes the
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patterning of vascular strands to a positive feedback between auxin
flow and the polarization of auxin transporters20–22. Predating mole-
cular evidence, Mitchison23,50,51 used a computational model to
demonstrate that, if this feedback is strong enough, auxin flowing
from auxin sources to sinks will become channeled into gradually
narrowing pathswith high auxin flux (canals), the precursors of veins.
The subsequent discovery of auxin efflux carriers (PINs), and the
visualization of PIN and auxin response reporter proteins, lent fur-
ther credence to the hypothesis that auxin and its transporters are
central to vein patterning52–55. Follow-up computational models fur-
ther confirmed that strong feedback between auxin flux and PINs can
reproduce midvein formation24 and open branching patterns25.
However, the Voronoi-like relation between hydathodes and major
veins in Pilea leaves is at odds with canalization. In Arabidopsis,
hydathodes are sites of high auxin concentration56–58, which suggests
that, in general, they act as auxin sources; and yet in Pilea,major veins
run between the hydathodes, separating rather than connecting
them. This raises the question of whether an alternative mode of
interaction between auxin and PINs could explain the patterning of
major veins in Pilea.

We addressed this question using computational models. We
hypothesized that the patterning of major veins in Pilea is driven by
auxin, as it is in other plants, but the altered parameters of this process
make it distinct from canalization. Our model was inspired by Feugier
et al.25, who analyzed different forms of feedback between auxin flow
and the polar allocation of its transporters. They showed that, if the
allocation of auxin carriers in response to the auxin flux is stronger
than linear (e.g., quadratic, as postulated byMitchison23), the resulting
feedback will lead to the formation of canals transporting auxin from
sources to sinks. In contrast, if the feedback is weaker—linear or
decreasing—auxin will flow away from its sources without forming
canals. Weak polarization was proposed as a mechanism that posi-
tioned primordia in a model integrating phyllotaxis and vascular

patterning in the shoot apical meristems of Arabidopsis59, and as a
mechanism that directed vascular strands (subsequently patterned
using strong canalization) towards sinks in the meristems of
Brachypodium26. Here we show that weak polarization by itself can
pattern vascular strands as well. These strands do not connect auxin
sources to sinks but divide the space between the sources, similar to
how major veins partition the space between hydathodes in Pilea. We
assumed the polarization model with unidirectional fluxes60 due to its
biochemical plausibility61, and we implemented it while ignoring
intercellular spaces26 for simplicity.

Themodel simulates the dynamics of auxin distribution ingrids of
square cells. For theoretical investigationswe considered 1D strands of
cells and 2D rectangular grids; for the models of leaves, we clipped a
2D grid to the shape of a leaf and assumed positions of hydathodes
obtained from actual leaves. Hydathodes act as the sources of auxin
and, once activated, maintain constant, high auxin concentration. The
concentration cA of auxin in an arbitrary ground (non-hydathode) cell
A changes according to the equation:

dcA
dt

= σ � μcA +
X

B2nb4ðAÞ
ðJB!A � JA!BÞ, ð3Þ

where σ is the background rate of local synthesis of auxin, μ is the rate
of auxin turnover, and JB→A, JA→B represent unidirectional auxin fluxes
due to its polar transport to and from cell A. These fluxes are summed
over all cells B that share an edge with A, i.e., that lie in the
4-neighborhood nb4(A) of A.

The unidirectional flux JA→B between any pair of neighboring cells
A, B is calculated as:

JA!B = cAðkd + kp½PIN�A!BÞ, ð4Þ

a

b c
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collect
5 weeks 1 week

control shade high-temp high-light

d
hydathode locations 

(n = 32)

Fig. 3 | The Pilea Voronoi property is preserved under environmental stress.
a Schematic of environmental conditioning experiments. Pilea plantswere exposed to
four conditions: control (indoors with indirect natural light), shade, high temperature,
and high light intensity. b Mean hydathode size in control and treatment conditions
(n = 20 each). Themean and 95% confidence interval of the estimated posteriormean
are plotted in the foreground, and the colors of the scatter plot in the background are

coded by plants. Statistical comparisons were performed using one-sided Bayesian
generalized linear mixed-effects models with Bonferroni correction applied across
threepairwise comparisons. Asterisks indicate significancebasedon theprobability of
direction: * p < 0.05, ** p < 0.01, *** p < 0.001. c Overlay of hydathode locations
(n=32 samplesover all treatment conditions).dRelative frequenciesof thehydathode
count distribution (n = 80) and of the Poisson distribution with the same mean.
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where kd is the rate of auxin diffusion through the wall between cells A
and B (including a possible role of plasmodesmata62), and kp is the rate
of polar transport from A to B by PIN proteins located on the mem-
brane of cell A abutting cell B. The abundance of this protein, [PIN]A→B,
is the net effect of PIN cycling from the cell interior to the membrane
(exocytosis) and from the membrane back to the interior (endocy-
tosis):

d½PIN�A!B

dt
=α½PIN�A,u JA!B �minfγ½PIN�A!B JB!A, emaxg, ð5Þ

where [PIN]A,u is the abundance of currently unallocated PIN in the
interior of cell A, α is the auxin efflux-based exocytosis rate of PIN, γ is

the auxin influx-based endocytosis rate, and emax is the maximum
endocytosis rate.

Finally, we assume that [PIN]A,total, the total abundance of PIN in
each cell A, is constant, thus

½PIN�A, u = ½PIN�A, total �
X

B2nb4ðAÞ
½PIN�A!B: ð6Þ

The operation of this model can be illustrated by a sequence of
simulations, which progressively introduces different model compo-
nents (Fig. 4); parameter values used in the simulations are listed in
Supplementary Table 4. We first consider a one-dimensional row of
cells, in which the leftmost cell has just been activated as an auxin-

A B C

D1 D2 D3

E1 E2 E3

L HAuxin concentration sink

660 890 2750

0541582051

Fig. 4 | Principle of Voronoi diagram formation by the auxin-drivenpatterning
with unidirectional fluxes. Auxin sources are highlighted by yellow boxes. Auxin
concentration is indicatedby the cell color. The color schemeused is indicatedbya
color map (top right) ranging from dark blue (low auxin, L) to pale orange (high
auxin, H). Cells (sinks) that reach the maximum concentration cap, cmax, are
colored in cyan. PIN concentration at the cell membranes is indicated by the width
of red lines along the cell edges, and auxin fluxes are represented by the direction
and size of white arrows. See Supplementary Table 4 for model parameters.
a Snapshots of a simulation of pure auxin diffusion in a semi-infinite row of cells.
Auxin gradually infiltrates consecutive cells without forming newmaxima. b Same
as (a),with polar auxin transport. Anauxinmaximumemerges, forming awave that

propagates away from the source. c Same as (b), in a finite-length row of cells with
auxin sources at both ends. Colliding waves generate a concentration peak, which
is stabilized by a concentration cap (cyan). d Same as (c), simulated on a rectan-
gular grid with no-flux boundary conditions, and an additional cap on the rate of
endocytosis. Auxin concentration waves propagate (d1) and collide half-way
between the source cells (d2), forming a ridge that persist for some time after
collision (d3). The numbers indicate frame numbers generated by the simulation.
e Same as (d), on a square grid with 5 auxin sources. Waves of high auxin con-
centration collide along ridges that bisect the space between the sources, produ-
cing a Voronoi diagram.
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producing hydathode and will maintain high constant auxin concen-
tration throughout the simulation; the remaining ground cells have
low initial concentration.Withapurelydiffusive transport (kd>0,kp=0
in Equation (4)), auxin concentration gradually increases in all ground
cells, tending to the concentration of the hydathode. This process
begins with the hydathode and progresses away from it (Fig. 4a). At no
stage does a concentration peak emerge that could potentially trigger
a localized differentiation of vascular cells. This dynamic is drastically
changed in thepresenceofpolar auxin transport (kp>0)with feedback
between auxin flow and the allocation of auxin carriers. For a wide
range of parameter values γ≫ α > 0 (Equation (5)), a wave of high auxin
concentration emerges, propagating away from the hydathode at an
approximately constant speed (Fig. 4b). This emergence is not entirely
surprising, as a variant of a wave associated with polar auxin transport
has been reported previously in the context of a different cell
polarization model63,64. With two hydathodes arising simultaneously,
the generated waves collide, producing a maximum of auxin
concentration half-way between the hydathodes (Supplementary
Fig. 7a, highlighted by the yellow box). The auxin concentration in
this maximum quickly rises, which reverts polarization of the adjacent
cellsmaking themaximumdisappear (Supplementary Fig. 7), but it can
be stabilized by various mechanisms. In the model we have imposed a
cap, cmax, on auxin concentration (Fig. 4c); a more complex
mechanism, for example involving the drainage of auxin through the
petiole, may operate in actual Pilea leaves.

The generation of auxin maxima partially extends to two dimen-
sions. In this case, wave fronts are approximately circular and collide
along a linear ridge (Supplementary Fig. 8 and Supplementary
Movie 1). This ridge is unstable, and even with a cap on auxin con-
centration, PIN quickly repolarizes away from the ridge center, redir-
ecting auxin flow toward emerging discrete maxima (Supplementary
Fig. 9 and Supplementary Movie 2). A properly chosen cap on the rate
of endocytosis (parameter emax in Equation (5)) significantly slows
down the repolarization while preserving the preceding wave propa-
gation and collision phases (Fig. 4d, and Supplementary Fig. 10 and
Supplementary Movie 3). A more complexmechanism for introducing
a saturating endocytosis rate, for example involving the CUP-SHAPED
COTYLEDON2 (CUC2) protein known to control PIN reorientation in
Arabidopsis leaves65,mayoperate in actual Pilea leaves. In the presence
of several hydathodes, the ridges form loops that surround the indi-
vidual hydathodes and, with the hydathodes arising approximately at
the same time, bisect the space between them (Fig. 4e and Supple-
mentary Movie 4). The patterning process is thus an auxin-based
implementation of the fundamental process generating Voronoi dia-
grams by colliding waves30,66, in which hydathodes act as the polygon
centers.

To examine the model’s capability to simulate actual venation
patterns, we digitized the contours and hydathode positions of sample
Pilea leaves, and simulated the patterning process with these input
data (Fig. 5a and Supplementary Movie 5; Supplementary Fig. 11 and
Movies 6–9). Overlaying the resulting pattern with that of a true Vor-
onoi diagram generated using the same hydathode positions con-
firmed that the auxin-driven model produced a very close
approximation of a Voronoi diagram (Fig. 5b). Superimposing the
generated pattern on a cleared leaf image reflected both the simila-
rities and differences between exact Voronoi diagrams and the actual
major vein patterns (Fig. 5c). To characterize them further, we divided
the real leaf (Fig. 5d) and the model pattern (Fig. 5e) into three zones:
peripheral (a, unshaded), where marginal secondary veins run; inter-
mediate (b), delineated by exterior secondary veins; and central (c–e),
between the midvein and lateral veins. These zones were conspicuous
in both the cleared leaf and the model, and had similar shapes. In the
peripheral and intermediate zones (a, b), where the hydathodes were
distributed relatively regularly along the contour of the leaf edge or on
the outer side of the primary vein, the polygons of the model and

cleared leaves coincided closely. Larger discrepancies occurred in the
central zones (c, d). Polygon boundaries did not precisely capture the
course of the midvein and the geometry of the vascular pattern near
the point of attachment of the leaf to the petiole, which is also con-
sistent with our statistical tests that found more deviation from the
Voronoi property near these regions (Supplementary Fig. 6). This
suggests that the midvein may be patterned by a distinct process
during leaf initiation, as is the case in Arabidopsis54 and tomato67

leaves. Moreover, throughout the leaf blade, some polygons included
two or more hydathodes not separated by major veins, whereas
simulated patterns adhered strictly to the Voronoi diagram (Supple-
mentary Fig. 6). In spite of these differences, the capability of weak
polarization to generate vascular patterns with loops was remarkable.

To test the robustness of the proposed patterning mechanism to
variability in the initiation timing of hydathodes across the leaf blade,
we simulated sequential auxin activation at hydathode positions under
different spatiotemporal patterns (basipetal, centrifugal, and random;
Supplementary Fig. 12). The basipetal pattern, which is consistent with
tissue maturation in Pilea leaves, still produced secondary veins that
closely matched an ideal Voronoi diagram, whereas centrifugal and
especially random activation caused more pronounced deviations.
These results indicate that as long as neighboring hydathodes activate
within a similar timeframe, consistent with the spatiotemporal pro-
gression of leaf development, a Voronoi-like venation pattern robustly
emerges. Thus, our proposedmechanism toleratesmoderate variation
in activation timingwhilemaintaining approximate Voronoi geometry.

Experimental validation of the model
We constructed the proposed model by investigating how an auxin-
driven process could produce a Voronoi pattern of veins surrounding
the hydathodes. This model closely captures the patterning of sec-
ondary veins, rather than that of primary veins andminor veins, which
form before and after secondary veins, respectively. To validate this
model, we compared its predictions with subsequently obtained
experimental data.

Gene and protein expression reporters currently used to study
vein patterning inmodel plants (e.g., Arabidopsis and tomato) are not
available for Pilea. Therefore, we performed immunoblotting and
immunolocalizations with a purified anti-AtPIN serum that targets an
intracellular domain in PIN proteins that is conserved in plants as dif-
ferent as Arabidopsis andmaize (Supplementary Fig. 13, Methods). We
focused on developmental stages P4-P6 (where P0 represents the
youngest leaf primordium at the shoot apical meristem and larger
numbers indicate progressively older primordia), during which sec-
ondary veins turn out to be patterned (Fig. 6a). Negative controls
confirmed that the PIN signal, particularly around cellmembranes,was
not due to autofluorescence (Fig. 6b).

Key observations of PIN immunolocalization distribution. In P4
leaves, PIN signal was prominent in the midvein (Supplementary
Fig. 13b). In areas around the midvein of those leaves, we observed far
fewer hydathodes than in corresponding areas of P5 leaves (e.g., two
hydathodes around the midvein in a representative P4 leaf vs. 9
hydathodes in corresponding areas in a representative P5 leaf). In none
of the 14 P4 and P5 leaves we imaged did we observe a secondary vein
without hydathodes on either side. By contrast, we observed 32 pairs
of hydathodes, of which 25 had a secondary vein in between them and
7 did not.

In the epidermis of P5 leaves, PIN signal was strongest in and
around hydathodes, gradually decreasing away from them (Fig. 6c1,
Supplementary Fig. 13c). In the inner tissues, PIN signal was weak in
hydathodes (Fig. 6c2). Around them, PIN signal was stronger, but its
spatial distributionwas not uniformand did not exhibit any systematic
pattern. In primary veins, PIN signal remained higher than in adjacent
cells (Fig. 6d). By contrast, PIN signal was weak in secondary veins at all
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stages of their development (Fig. 6e–h). In all ground cells of P5 leaves,
PIN signal was distributed uniformly along the cell outline, except in
ground cells adjacent to secondary veins at later stages of their
development. In thosecells, PIN signalwaspolarly localized toward the
veins (Fig. 6f, g).

In the epidermis of P6 leaves, PIN signal remained strongest in
hydathodes (Fig. 6i1). In the inner tissues, PIN signal was weak in

hydathodes but was strong in the circles of cells surrounding hyda-
thodes and in emerging networks of cell files that were continuous
with those cell circles (Fig. 6i2).

There were similar spatial patterns and levels of PIN expression
around many pairs of adjacent hydathodes and in developing veins
that almost perfectly bisected the space between the hydathodes
(Fig. 6e, f). For other hydathode pairs, the vein in between was slightly
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closer to one hydathode than the other (Fig. 6h, where the vein
separating the bottom-most hydathode from the top two hydathodes
is slightly closer to the periphery).

Interpretations of experimental results. The presence of themidvein
before the emergence of most hydathodes and secondary veins sug-
gests that the midvein is patterned by a separate, earlier process. This
is consistent with our finding that the largest discrepancies from the
Voronoi property occurred close to the primary veins. The presence of
high PIN signal in the midvein suggests that its patterning may be due
to canalization of auxin transport between an auxin source located
near the leaf tip and an auxin sink located in the stem— as observed in
previously studied model plants54,68,69.

The presence of abundant hydathodes in P5 leaves compared to
their scarcity in P4 leaves supports our assertion that hydathodes
emerge approximately simultaneously. Moreover, the strong PIN sig-
nal in and around hydathodes in the epidermal layer, interpreted as
indicative of high auxin concentration70, is consistent with the postu-
lated role of hydathodes as auxin sources. The absence of PIN signal in
the inner tissues of hydathodes is surprising but does not preclude
hydathodes as a source of auxin: a similar distribution has been
observed in different contexts in other plants56,57,71–73.

The absence of secondary veins without hydathodes on either
side, in conjunction with the existence of hydathode pairs without a
secondary vein between them, supports our assumption that hyda-
thode development precedes that of secondary veins.

If the auxin source at hydathodes gives rise to canalization, we
would expect directional differences in PIN signal strength in regions
surrounding hydathodes; the absence of such directional differences
supports our hypothesis that auxin transport from hydathodes is not
canalized in P5 leaves. Moreover, the positions of secondary veins—
which separate hydathodes rather than connecting them—and the
polarization of PIN toward secondary veins in adjacent groundcells are
consistent with the patterning of secondary veins by collidingwaves of
high auxin concentration, as postulated by our model.

The presence of many pairs of hydathodes that are nearly equi-
distant from the separating vein is consistent with concurrent activa-
tion of auxin sources associated with each hydathode. For other pairs
(e.g., Fig. 6h), it is possible that the propagating wave from the hyda-
thode that is further from the vein started earlier. Thus, the data
include cases where nearby hydathodes appear to have been activated
at the same time, as well as instances with some local asynchrony,
which contributes to the approximate nature of the Voronoi diagram
formed on the leaf.

We did not observe polar PIN localization in cells other than the
ground cells adjacent to secondary veins. This allows for two inter-
pretations: (i) auxin transport in Pilea leaves is generally not polar, or
(ii) our immunolocalizations do not adequately capture the polar
distribution of Pilea PIN1 proteins. The latter could occur because
the PIN1 signal is obscured by signals from other PINs that are not
polarly localized74–76 (Supplementary Fig. 13a, western blot). As we
did not detect polar PIN localization even in the midvein — where
prevailing theory and data from other plants strongly indicate
polarized auxin transport by PIN1—we lean toward the second
interpretation.

Model review and improvements. To further verify whether the
model is consistent with experimental data, we visualized the con-
centration of membrane-allocated PIN in the model cells (Supple-
mentary Fig. 14b; SupplementaryMovie 10). In contrast to the data, we
observed high PIN concentration in the veins rather than low. To show
that this discrepancy does not undermine the model’s logic, we
extended the model with a simple mechanism of vein differentiation
(Supplementary Fig. 14c; compare with Supplementary Fig. 14a). Spe-
cifically, we assumed that (i) the cells in which auxin concentration
exceeds a predefined threshold for some period of time differentiate
into veins, and (ii) PIN is rapidly removed from the differentiated cells.
This PIN dynamics is consistent with the PIN1 expression in all cells of
incipient veins77, and the disappearance of PIN1 from both the xylem
and thephloemas the veinsmature52. In themodel, the latter process is
captured by the equation

d½PIN�A, total
dt

= � ν½PIN�A, total, ð7Þ

where the parameter ν controls the removal rate.
Simulations showed that the resulting vein pattern (Supplemen-

tary Fig. 14d–f; Movies 11–13) closely resembles the pattern of auxin
crests produced by the original model (Fig. 5a), but PIN concentration
in themajor veins is now low, in agreement with the experimental data
(Fig. 6). However, in the cells surrounding the emerging veins, the
concentration of membrane-allocated PIN transiently surges in a
manner not observed experimentally (compare Supplementary
Fig. 14f2,3 with Fig. 6e–h).

We addressed this discrepancy by incorporating an additional
mechanism in the model: the dependence of PIN expression on auxin.
Qualitatively, this dependence is well documented in the literature70,78;
in the model we expressed it by controlling the PIN concentration in
the ground cells (i.e., cells that do not belong to a hydathode or to a
vein) using the equation

d½PIN�A, total
dt

= ρminðcA � δmin,δmaxÞ: ð8Þ

Theproduction rate ρ specifies themagnitude of the influenceof auxin
concentration cA on the production or turnover of PIN in cell A, with
the lower limit δmin and the upper limit δmax. The rate of PIN produc-
tion thus changes linearly from −ρδmin for cA = 0 to ρδmax for
cA = δmin + δmax.

The postulated interactions between auxin, PIN and vein differ-
entiation are summarized in Fig. 7a and are further illustrated in
Fig. 7c–e (Movies 14–20, Supplementary Table 5 for model para-
meters). The resulting pattern of differentiated veins (Fig. 7b, Sup-
plementary Movie 14) continues to closely match the Voronoi pattern
of auxin crests produced by the original model (Fig. 5). As in the
intermediate model without auxin-controlled PIN production (Sup-
plementary Fig. 14c–f), PIN concentration in the differentiated veins
drops to zero; however, in contrast to the intermediate model, there
are no transient surges of membrane-allocated PIN concentration in
the cells adjacent to the veins. In further agreement with experimental
data, the concentration of membrane-allocated PIN in the hydathodes

Fig. 5 | Model of auxin-driven patterning in Pilea leaves. Simulation was per-
formed on a 200 × 220 grid of cells, clipped to the contour of an actual leaf.
Hydathode positions were obtained by digitizing the leaf. a Snapshots of the
simulation illustrating the patterning process. Wavefronts originating at the
hydathodes propagate and collide, forming high-concentration ridges as in Fig. 4e.
The colormap indicates auxin concentration from low (L) to high (H). The numbers
indicate frame numbers generated by the simulation. See Supplementary Table 4
for model parameters. b Overlay of the model-generated pattern (yellow) with an

ideal Voronoi diagram (red) computed using hydathodes as the polygons centers.
cOverlay of the pattern generated by the auxin-drivenmodel and the cleared Pilea
leaf. d, e Cleared and modeled leaves annotated to facilitate comparisons. a: zone
on the leaf periphery; b: zone sandwiched between zone a and the primary lateral
vein; c–e three conspicuous loops adjacent to the midvein; f: loops without hyda-
thodes in the cleared leaf. Additional annotations highlight differences in vein
orientation between the modeled and cleared leaves (dotted lines (1 & 2)), and
differences in polygon shapes and sizes (cyan).
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is smaller than in the rings of cells immediately surrounding them, and
gradually decreases further away from the hydathodes. The improved
colliding wave model of secondary vein formation in Pilea is thus
consistent with the immunolocalization data.

Discussion
Reticulate leaf venation patterns, defined by the presence of loops, are
ubiquitous in flowering plants, yet their geometry has so far eluded
concise characterization. We have shown that the patterns of major
veins in Pilea leaves approximate Voronoi diagrams, with hydathodes
acting as the Voronoi polygon centers. Given the diverse and complex
reticulate vascular patterns observed in nature, it was unexpected to
find an example where the pattern can be explained by such a simple
geometric principle.

We have also proposed and modeled a biologically plausible
mechanism approximating the observed patterns. Similar to canali-
zation, which has dominated the understanding of vascular patterning
in plants for the last 50 years, our model attributes the patterning of
veins in Pilea leaves to auxin. Canalization, however, creates channels
of high auxin flux that connect auxin sources to sinks, and these
channels primarily form open, tree-like vascular patterns. By contrast,
our model generates auxin concentration waves that propagate away
from hydathodes and form crests upon colliding. These crests pattern
vascular strands that assemble into closed loops surrounding each
hydathode, thus tessellating the leaf surface into Voronoi polygons.

Our model has led to predictions, which we have tested experi-
mentally by visualizing the distribution of PIN proteins at key stages of
Pilea leaf venation patterning. With relatively minor adjustments, we
obtained remarkable agreement of the model with the observations.
Our results also suggest topics deserving further exploration.

Patterning of primary veins. Our model generates veins that
approximately coincide with the primary veins patterned by hyda-
thodes. Nevertheless, experimental data indicate that primary veins
appear before hydathodes and are patterned by a separatemechanism
(canalization). The inclusion of this mechanism may improve the
agreement of the model with experimental observations near the
midvein and the attachment point to the petiole, where the dis-
crepancies in the shapes and sizes ofmodel-generatedpolygons vs. the
vascular polygons in Pilea are significant (Fig. 5c and Supplementary
Fig. 6; Supplementary Note 4).

Patterning of hydathodes. Across leaves, hydathodes appear at
relatively similar locations on the leaf blade (Fig. 3c), suggesting that
hydathode placement is under control of a regulated patterning
mechanism. Uncovering the function that characterizes the spatial
distribution of hydathodes, along with its underlying placement
mechanism, would lead to a more comprehensive understanding of
Pilea leaf patterning.

Patterningofminor veins.Experimental results demonstrate the
emergence of minor veins that connect hydathodes to major veins,
suggesting a canalization process, with hydathodes acting as auxin
sources and major veins acting as auxin sinks. Patterning processes

combining weak and strong polarization have been proposed26,59, and
it is possible that such integration also plays a role in the patterning of
minor veins in Pilea leaves.

The impact of growth on patterning. Our model was con-
structed using the simplifying assumption that leaf size and shape
were fixed. Future models may shed light on the degree to which leaf
growth affects the process of Voronoi pattern formation.

Concluding remarks. Our model may extend to reticulate pat-
terning in other species with laminar hydathodes, where major veins
surround hydathodes and connect to them via minor veins. Examples
include Ficus formosana79, Ficus diversifolia80, and many other species
in Urticaceae, the nettle family, to which Pilea belongs81. While the
reticulate venation patterns found in these species visually appear to
adhere to the Voronoi geometry less strictly than in Pilea, it would be
interesting to examine if the wave collision mechanism suggested by
our model can generate these patterns by varying parameters, such as
the timing of auxin production in the hydathodes, and by considering
growth patterns of these leaves. For species with reticulate veins that
lack laminar hydathodes, it is possible that auxin is synthesized at
discrete sites distributed over the leaf blade, serving an analogous role
to the hydathodes82. Because weak polarization of auxin transport is
not limited to Pilea26, the combination of weak polarization and dis-
tributed local auxinmaximamay be amore widespreadmechanism of
reticulate pattern formation23,83–87.

It is still not known whether a Voronoi-like relationship between
hydathodes and major veins offers any functional benefits compared
to alternative network patterns. Computational modeling may help
decipher the trade-offs that occur between different patterns in dif-
ferent environments in terms of hydraulic balance11,38,88,89, structural
support90, and network robustness19.

Research on pattern formation has for a long time been domi-
nated by Turing’s reaction-diffusion model7,91–93 and Wolpert’s posi-
tional information model94–96. By contrast, in plants, vein patterning is
controlled by a different mechanism, based on active transport and
facilitated diffusion, rather than passive diffusion68,74,97–99. Although
more mathematical work is needed to analyze the breadth of patterns
thismechanismcan generate, ourmodel of vascular pattern formation
in Pilea adds to the already rich tapestry of auxin-driven models.

Methods
Pilea growth conditions
Pilea plants were purchased from Hicks Nursery, Garden City, NY.
Plants were propagated by the provider (Harster Greenhouse, CA) by
selecting and raising the strongest runners in the generation every 6
months, and were purchased at relatively the same age. Upon arrival,
plants were grown in 6-inch pots in an indoor environment with low
indirect light. Plants grown in these indoor conditions were used in the
initial Voronoi I, II, and III tests (n = 34 leaves from 6 plants), and were
used as the control in the stress experiments. Plants used for stress
treatments stayed in the indoor condition for at least 1 week before the
treatments started.

Fig. 6 | PIN immunolocalization in developing Pilea leaves. a Schematic of Pilea
leaf development from P4 to P6, highlighting the order in which primary veins,
hydathodes, secondary veins, andminor veins form. b Autofluorescence signal in a
P5 leaf including a secondary vein (to the left) and a hydathode (asterisk). The look-
up table (LUT) ramp visualizes the 1–99% signal intensity range. Inset: 1.75 × mag-
nification of the boxed region. Representative example of three independent
experiments. c PIN signal in a region of a P5 leaf surrounding a hydathode. (c1)
Epidermal layer showing strong PIN signal in and surrounding the hydathode. LUT
ramp, also applied to all successive images, visualizes the full range of maximum-
projected signal intensity. (c2) Inner layer showing weak PIN signal in the hyda-
thode (asterisk). A secondary vein is forming to the left. d Inner layer of a P5 leaf
showing PIN signal in the midvein. e–g Progression of secondary vein formation in
P5 leaves (asterisks denote hydathodes). e Early stage: In vein cells that have yet to

differentiate, PIN signal is weak and isotropically localized at the cell outline. In
ground cells, PIN signal is also mainly isotropic but stronger than in vein cells.
fMid-Late stage: In vein cells that have started todifferentiate, PIN signal falls below
detection levels. In ground cells adjacent to a forming secondary vein, PIN signal at
the cell outline becomes polarized toward the forming vein (arrowheads). g Late
stage: All vein cells have differentiated and show no detectable PIN signal. PIN
polarity in adjacent ground cells persists toward the forming vein (arrowheads).
h Peripheral region of a late-stage P5 leaf showing differentiated transverse and
perimarginal secondary veins with no detectable PIN signal in veins or hydathodes
(asterisks). i P6 leaf. (i1) Epidermal layer showing PIN signal in the hydathode. (i2)
Inner layerwith noPIN signal in the hydathode (asterisk). Bright cellfiles around the
hydathode form a net-like pattern of minor veins. Scale bars: 20 μm.
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For the stress treatments, we exposed 6 Pilea plants in each of
three conditions, namely shade (22 °C, R:FR = 0.4, PPFD = 45), high-
light intensity (22 °C, PPFD = 55–65), and high-temperature (30 °C,
PPFD = 55), for 5 weeks. Plants in stress conditions were grown on a
long-day cycle with 16hr light (7 AM to 11 PM) and 8hr dark in growth
chambers. Shade and control plants were irrigated with 250 ml water

once per week; high-light and high-temperature plants were watered
twice every week to keep the soil at the same approximate water level
(See Supplementary Table 6 for treatment condition details). Plants
were then shifted to non-stress indoor conditions for 1 week, and the
emerging leaves that had developed during the stress treatment were
collected for analysis.
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Fig. 7 | Improved model of vein patterning in Pilea leaves. a Schematic of the
interaction between auxin, PIN, and vein differentiation. b The resulting pattern of
differentiated veins (cyan) generated by the model after 750 simulation steps. c–e
Progression of auxin concentration (c), membrane PIN concentration (d), and vein
differentiation superimposedonmembrane PINconcentration (e) in the leaf region
highlighted in panel (b). Columns 1 to 4 represent simulation states after 190, 300,
450 and 650 steps. The feedback between auxin propagation and PIN polarization

creates waves of high auxin concentration propagating away from the hydathodes
(c, d). Colliding waves create crests that trigger vein differentiation (e) and PIN
turnover, which results in low PIN concentration in differentiated veins (d4).
Minimal or absent surges in membrane PIN concentration in non-differentiated
cells surrounding the veins (d3, e3) and low concentration of PIN away from the
hydathodes in later stages of patterning (d4, e4) are due to the control of PIN
expression by auxin.
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Leaf clearing, staining, and imaging
Fresh leaves were phenotyped with a stereo microscope (Zeiss Stemi
508). Each individual leaf was mounted on a customized transparent
acrylic platform and laid flat by a covering acetate sheet. For each leaf,
multiple, high-resolution micrographs were taken (Zeiss, Axiocam
208, Color)with the abaxial side up andplanarly stitched togetherwith
software (Panorama Stitcher v1.11.1).

To image the vein architecture in cleared leaves, we followed the
clearing and staining protocol for studies of leaf architecture100.
Briefly, fresh Pilea leaves were first immersed in Histoclear for 1 hr to
remove the cuticle, and then immersed in 5% NaOH solution at 37 °C
for 48 hrs in Petri dishes, with one change of solution at 24 hrs. The
leaves were then bleached with sodium hypochlorite (3%) until trans-
parent (2-4 hrs, depending on leaf size). Leaves were then rinsed in
distilled water, then dehydrated with 30%, 50%, 70%, 90%, and 100%
ethanol for 30minutes each at room temperature. Cleared leaves were
then placed in 0.5% safranin in 100% ethanol for staining overnight.
Destaining was done by rinsing the leaf specimen in 100% ethanol and
acidifying itwith 3-6 drops of 6Mhydrochloric aciduntil themesophyll
tissues appeared pale white. Leaves were rehydrated with 90%, 70%,
50%, 30%, and 10% ethanol for 30 min each at room temperature.
Finally, the leaves were mounted in a 10% glycerol medium and scan-
ned with a flat-bed scanner (Epson Perfection V600).

Tracing of major veins and hydathodes
Tracing was performed on the stitched light microscopy images using
a digitizing tablet (Wacom Cintiq Pro 16) and commercial graphics
software (SketchbookPro 8.8.5). We formulated tracing rules for the
major veins based on Pilea’s brochidodromous vein architecture40,
which means that the major veins form loops with locally consistent
widths and do not end in the parenchyma cells.

Major vein tracing rules:We traced veins segment by segment. A
segment is a relatively straight piece of vein connected by other veins
(major or minor) on both ends. Major veins were segments that have
consistentwidths and are at least 1.5 times thewidth of theminor veins
that they directly connect to.We also required all major veins to end at
a junctionwith othermajor veins, to ensure all major veins are part of a
closed loop.

Hydathode tracing rules: Two observations were used to dis-
tinguish hydathodes fromground tissue. First, hydathodes are densely
packed with cells, which makes them appear less transparent than
ground tissues. Second, inmature leaves, hydathodes are anatomically
located at minor vein junctions and can be clearly seen as having star-
shaped connections to minor veins (Supplementary Fig. 1). Based on
the twoobservations, we identified the “shadowy dots” that connect to
≥4 minor veins as hydathodes.

Tracing of veins and hydathodes was performed by a single
researcher and then reviewed and subsequently edited by two other
researchers until consensus was reached (see Supplementary Fig. 1 for
examples superimposed with the microscopy images). Traced images
were stored as PSD files and layers were output to vector formats. We
used NEFI101, an OpenCV-based network extraction pipeline, to con-
vert the vein tracing to an undirected planar graph, where edges (vein
segments) and nodes (junctions and connections of vein segments)
were defined from the skeleton of the tracing pattern. Hydathode
location extraction was performed with custom code (Python 3.8) by
finding the center of the traced points. The extracted vein graph
(edges and nodes for vein segments) and hydathodes (a node set of
hydathode positions) were then stored together as an undirected
graph object in NetworkX (2.7.1, a Python library, for studying graphs
and networks) under the same coordinate system.

Bayesian generalized linear mixed-effects models
We collectedmultiple leaves from each Pilea plant, which introduced a
possible statistical dependency for leaves from the same plants. To

control for the random effects from plants when calculating perfor-
mance differences between hydathodes and reference point sets for
our statistical tests, we used linearmixed-effect regressionmodels. For
discrete hydathode counts data, we used Poisson mixed-effect
regression models.

All mixed-effects models were fitted in a Bayesian hierarchical
framework using the Bayesian Model-Building Interface (Bambi
0.9.1102). Bambi generates weakly informative priors for all model
variables and uses a Hamiltonian Monte Carlo algorithm to draw from
theposteriordistributions. For eachmodel between a treatment group
(inour case, a different point set, or a stress condition) and the control,
we used 5 independent chains of 2000 draws, and we recorded the
fraction of total draws that lie between 50% to 100% (the probability of
direction, pd). The variable pd is an index of effect that represents the
certainty with which an effect goes in a particular direction, either
positive or negative103. We calculated (1 − pd) as the p-value to test
statistical significance.

Detailed methods for the Voronoi I, II, and III tests
Voronoi I: Quantifying local deviation. Proof for the perpendicular
bisection corollaryof Voronoi centers andedges canbe found inGreen
and Sibson (1978)104.When twovein polygons share twoormore edges
instead of one, wepicked a random edge among all edges to be tested.

Voronoi II: Jaccard similarity. The Jaccard index measures the pro-
portional area overlap between corresponding polygons of two tes-
sellations, and it offers a unitless and interpretable measure of the
alignment between the two tessellations. We computed the J-index
between the Voronoi polygons generated using hydathodes as centers
and the actual major vein polygons in Pilea leaves. For this test, we
used the full set of hydathodes on the leaf as centers, including both
single-polygon hydathodes and multi-polygon hydathodes (hyda-
thodes in polygons that enclose more than one hydathode). We also
computed the J-indices between the Voronoi polygons generated
using the reference point sets as centers and the actual major vein
polygons in Pilea leaves. For these tests, we generated the reference
points in only single-hydathode polygons. For multi-hydathode poly-
gons, we fixed the reference points to the locations of the actual
hydathodes. This was done for two reasons: (a) so that the the number
of centers (andhence, the number ofpolygons)was the sameacross all
comparisons; and (b) so that the influence of multi-hydathode poly-
gons towards the J-index was equal for all comparisons.

White-noise distorted Voronoi diagrams: We used the J-index
between the white-noise distorted Voronoi diagrams and the exact
Voronoi diagrams to estimate the magnitude of mismatch between
Pilea major veins and the exact Voronoi diagram. Voronoi diagrams
were computed with the hydathode sets of a leaf sample as the Vor-
onoi centers. Then for each Voronoi vertex, we added a vector of fixed
length pointing to a random direction to distort the perfect Voronoi
diagram and create a “noisy” version of the exact polygons. We
explored noise levels ranging from 1% to 20% the length of the mean
polygon axes added to the vertices. For each distorted Voronoi dia-
gram, we applied the Voronoi II test with the exact Voronoi diagram
and recorded their J-indices (Supplementary Fig. 2a, b).

Mean-split k-d tree algorithm: To create an alternative tessella-
tion to test polygon overlap, we modified the k-d tree algorithm105,
which is a space-partitioning data structure, to create a spatial sub-
division that: 1) recursively forms bisections with point sets, and 2) is
produced hierarchically. In 2D, given a set of points as input, the
algorithm recursively finds a partition for the point set with one
dimension fixed, and the partition of the other dimension is calculated
to be the averaged coordinates of all points in the split zone (Sup-
plementary Fig. 2c). For Pilea, we started with splitting all hydathodes
in the directionparallel to themidvein. In each step,we iteratively used
either the parallel or perpendicular direction to subdivide the point

Article https://doi.org/10.1038/s41467-026-71768-3

Nature Communications |         (2026) 17:4111 13

www.nature.com/naturecommunications


sets, until all partitions contain only one hydathode (Supplemen-
tary Fig. 2d).

Voronoi III: Center prediction. We used the corollary of Voronoi
property to solve for the best-predicted center coordinates given the
polygon edges47.

Given two adjacent polygons, Pl and Pm with a common edge Ei,
the predicted Voronoi centers of Pl and Pm are at bxl ,byl� �

and bxm,bym� �
.

The two end vertices of Ei are (up, vp) and (uq, vq). Let Ei be a segment of
the line defined by y = six + bi, where

si = ðvp � vqÞ=ðup � uqÞ bi = siup � vp ð9Þ
To form a linear system, we will express the Voronoi centers with

the geometric relationship in the corollary. The condition on the slope
gives:

bxl=si
� �

+byl � bxm=si
� �� bym =0 ð10Þ

The condition of distance equality gives

sibxl � byl + sibxm � bym = � 2bi ð11Þ
For a tessellation with k interior edges and n polygons, Eqs. (10)

and (11) for all edges together give a system of 2k equations with 2n
unknowns. In ideal Voronoi diagrams, the average number of edges
per Voronoi polygon is about 628, therefore 2k < 2n. Because this test
assumes each polygon has exactly one center, we removed from ana-
lysis all Pilea polygons that contained more than one hydathode.
Furthermore, considering a dual graph where nodes are polygons and
edges exist between adjacent polygons, we only applied this test to the
set of polygons in the largest connected component of this graph. This
wasdone to ensure that therewere enoughconstraints in the systemof
equations such that the system was not under-determined. Specifi-
cally, using the set of polygons in the largest connected component,
we found that 33 out of the 34 control samples were over-determined,
and hence, we could solve for unique Voronoi center locations by
minimizing the ℓ2 error.

Unlike ideal Voronoi diagrams, the traced Pilea vein polygons
from tracing sometimes sharemultiple edges. In such cases, we aimed
to find the solution that results in the least distance error with the
testing point set (e.g., hydathodes). However, the number of linear
systems to select to solve for grows exponentially with the number of
polygon pairs that sharemultiple edges. The heuristic thatwe adopted
for the Pilea leaf graphs was to repeatedly pick random edge combi-
nations 100 times the number of polygon pairs, and report the best
solution among them. The resulting error is on average 97.8 ± 0.7% of
the global best solution, computed using brute force on one leaf
sample tested, and it performsmuch better than greedily selecting the
best edge (local minimum).

Sample alignment
To analyze the hydathode distribution from multiple samples, we
performed an Ordinary Procrustes style analysis on 32 leaves (8 sam-
ples, from each of the 4 environmental conditions). We aligned all
samples in the same orientation and scaled by performing isomorphic
transformations. The 8 samples we used from each condition were 4
leaves from 2 plants, rather than a random sampling from all leaves, to
reduce the variation introduced to the alignment. For every sample, we
select the petiole node (P) and the furthest intersection node (Q)
where the primary veins meet as two landmark points. By rotating and
scaling the line segment PQs of all samples to exact alignment, we
reach reasonable superimposition of the leaf graphs, and the hyda-
thode distribution shows a clear spatial pattern, with higher density
between the primary and secondary veins that originate from the
petiole, and between secondary veins and the leaf boundary (Fig. 3c).

Protein extraction and immunoblotting
Approximately 50 mg of P5 leaves from Pilea peperomioides and Ara-
bidopsis thaliana were harvested, flash frozen in liquid nitrogen, and
stored at −80 °C until use. For Pilea, leaves were ground in liquid
nitrogen using a chilled mortar and pestle. Ground leaves were
homogenized and proteins were extracted with 3 mL of extraction
buffer (0.1MTris-HCl, pH8.0, 0.01MMgCl2, 18% [w/v] sucrose, 40mM
β-mercaptoethanol, 2% SDS) per gram of ground tissue. Extracts were
filtered through Miracloth (Millipore, catalog no. 475855-1R) and cen-
trifuged at 14, 000 × g for 15 min at 4 °C, followed by addition of
2 × urea buffer (120 mM Tris-HCl, pH 6.8, 4% SDS, 20% glycerol, 0.02%
bromophenol blue, 10% β-mercaptoethanol, 8 M urea) and incubation
at RT for 5 min. For Arabidopsis, microsomal proteins were isolated
with minor modifications from Pedmale et al. (2007)106. Briefly, Ara-
bidopsis leaves were homogenized in ice-cold buffer containing 25mM
MOPS-NaOH (pH 7.8), 250mM sucrose, 0.1mMMgCl2, 8mM cysteine,
10 mM NaF, and 1 × ProBlock™ Gold Plant Protease Inhibitor Cocktail
(GoldBio, catalog no. GB-332-1). The homogenate was subjected to
ultracentrifugationat 100, 000× g for 1 h to isolatemicrosomal pellets.
These microsomal fractions were then resuspended in a buffer com-
posed of 5 mM potassium phosphate (pH 7.8), 250mM sucrose, 4 mM
KNO3, and 1 × ProBlock™GoldPlant Protease InhibitorCocktail, using a
Dounce homogenizer. For both species, 25 μL of total protein extract
was resolved on 10% SDS-PAGE gels at 130 V for 1.5 h and transferred to
PVDF membranes (Merck Millipore, catalog no. PFL00010) using
electroblotting. An equivalent amount of total protein was resolved on
a parallel gel, which was stained with Coomassie Blue and used as a
loading control. Membranes were blocked for 1 h at RT in TBST buffer
(20 mM Tris-HCl, pH 7.6, 137 mM NaCl, 0.05% Tween-20) supple-
mented with 5% [w/v] BSA and incubated overnight at 4 °C with anti-
PIN antibody107 (1:100 dilution in TBST buffer supplemented with 1%
BSA). Membranes were washed three times in TBST buffer and incu-
bated with HRP-conjugated anti-rabbit secondary antibody (BioRad,
catalog no. #1706515) (1:10,000 dilution in TBST buffer supplemented
with 1% BSA). After three washes in TBST buffer, proteins were
detected by chemiluminescence.

Immunolocalization andmicroscopic analyses of PINproteins in
Pilea leaves
Primordia were staged by visual inspection under a dissecting ste-
reomicroscope at 5 × magnification, with P0 designated as the
youngest visible primordium initiating at the flank of the shoot apical
meristem. PIN proteins were detected in Pilea P4–P6 leaves using a
modified immunolocalization protocol108. Briefly, freshly harvested
leaves from independent replicates were rinsed with distilled water
and fixed in 100% methanol at 37 °C for 20 min. Leaves were then
transferred to 800 μL of fresh methanol and gradually rehydrated to
20% methanol at 60 °C by the addition of 200 μL distilled water every
2 min for 40 min. Leaves were mounted briefly on glass slides pre-
loadedwith 60 μL ofwater forwashing, andwaterwas blotted off from
the leaves, which were then transferred into a 24-well plate for sub-
sequent treatments. Cell walls were digested by incubating each leaf in
100 μL of enzyme solution (0.2% Driselase (Sigma, catalog no. D9515-
1G) and 0.15% Macerozyme (Phytotech, catalog no. M481) in 2 mM
MES, pH 5.0) at 37 °C for 30–40min, followed by washing with 100 μL
of 1 × MTSB (500 mL: 7.5 g PIPES, 0.85 g EDTA, 0.61 g MgSO4 ⋅ 7H2O,
1.25 g KOH, pH 6.9). Membranes were permeabilizedwith 100 μL of 3%
IGEPALC630and 10%DMSO in 1 ×MTSB for 15–20min at 37 °C. Leaves
were washed four times with 1 × MTSB (3 min each). Leaves were
blocked by incubating in 60 μL of 5% BSA in 1 ×MTSB for 20min at RT
with gentle agitation. Primary antibody incubationwasperformedwith
rabbit anti-PIN1107 (1:100) in 1 ×MTSB for 2 h at 37 °C, followed by three
washes in 1 × MTSB (5min each). Secondary detection was carried out
with Alexa FluorTM 594-conjugated goat anti-rabbit IgG cross-adsorbed
(2 μg/mL; Thermo Fisher, catalog no. A-11012) for 1 h at 37 °C. Samples
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were washed as above and mounted in VECTASHIELD Antifade
mounting medium (H-1000-NB; Vector Laboratories). Imaging was
performed using a 40 × objective of a Zeiss LSM 900 confocal
microscope at 0.5 × and 1 × zoom values. PIN1 fluorescence was
detected using 561 nm excitation and 580–700 nm emission (Alexa
FluorTM 594 channel). Autofluorescence was simultaneously captured
using 488 nm excitation and 561–700nm emission. Z-stacks were
acquired for all the images.

Image processing and visualization
Images were visualized in FIJI109 and processed in Python to generate
figures. To correct for uneven orientation of young leaves, some image
stacks were rotated using scipy (Python). Maximum-intensity pro-
jections were generated through slices capturing either the epidermal
or inner cell layer. For display, pixel intensitieswere linearly rescaled to
the 0-1 range.

For autofluorescence controls, where overall signal was low, the
1st and99thpercentiles of pixel intensitywereused as lower andupper
bounds, respectively, to reduce the influence of spurious noise. For the
radial 1D intensity profile (Supplementary Fig. 13c), pixel intensities
within concentric rings up to a radius of 75 μm from the hydathode
center were averaged to obtain an azimuthal (radial) profile. The
resulting mean intensity values were mirrored to display a symmetric
curve from − r to + r, with shaded regions representing bootstrap-
derived 95% confidence intervals.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
Theprocesseddata used for statistical analyses are available onGitHub
at (https://github.com/cici-xingyu-zheng/VoronoiVein). Source data
are provided with this paper.

Code availability
Code for the Voronoi statistical tests is available on GitHub at (https://
github.com/cici-xingyu-zheng/VoronoiVein). Code for the computa-
tional models is available on GitHub at (https://github.com/
AlgorithmicBotany/pilea-voronoi). Computational models were writ-
ten in C++ extended with constructs of the L+C plant modeling
language110 and executed using the LPFG simulator incorporated into
theVirtual Laboratory (vlab) v.5.0modeling environment available on
GitHub at (https://github.com/AlgorithmicBotany/vlab).
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