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Quantitative models of sequence-function relationships, which de-
scribe how biological sequences encode functional activities, are
ubiquitous in modern biology. One important aspect of these mod-
els is that they commonly exhibit gauge freedoms, i.e., directions
in parameter space that do not affect model predictions. In physics,
gauge freedoms arise when physical theories are formulated in ways
that respect fundamental symmetries. However, the connections that
gauge freedoms in models of sequence-function relationships have
to the symmetries of sequence space have yet to be systematically
studied. Here we study the gauge freedoms of models that respect a
specific symmetry of sequence space: the group of position-specific
character permutations. We find that gauge freedoms arise when the
transformations of model parameters that compensate for these sym-
metry transformations are described by redundant irreducible matrix
representations. Based on this finding, we describe an “embedding
distillation” procedure that enables analytic calculation of the dimen-
sion of the space of gauge freedoms, as well as efficient computation
of a sparse basis for this space. Finally, we show that the ability to
interpret model parameters as quantifying allelic effects places strong
constraints on the form that models can take, and in particular show
that all nontrivial equivariant models of allelic effects must exhibit
gauge freedoms. Our work thus advances the understanding of the
relationship between symmetries and gauge freedoms in quantitative
models of sequence-function relationships.

sequence-function relationships | gauge freedoms | sequence space |

permutation symmetry | representation theory

Introduction

Understanding the quantitative nature of sequence-function
relationships is a major goal of modern biology (1). To study a
specific sequence-function relationship of interest, researchers
often propose a mathematical model, fit the parameters of
the model to data, then biologically interpret the resulting
parameter values. This interpretation step is often complicated,
however, by gauge freedoms—directions in parameter space
along which model parameters can be changed without altering
model predictions. If any gauge freedoms are present in a
model, the numerical values of individual model parameters
cannot be meaningfully interpreted in the absence of additional
constraints.

Researchers performing quantitative studies of sequence-
function relationships routinely encounter gauge freedoms in
their models. In practice, one of two methods is typically
used to overcome the difficulties that such gauge freedoms
can present. One method—called “gauge fixing”—removes
gauge freedoms by introducing additional constraints on model
parameters (2-18). Another method limits the mathematical
models that one uses to models that do not have any gauge
freedoms (19-24). But despite being frequently encountered in
the course of research, the gauge freedoms present in models of

sequence-function relationships have received little attention
(though see e.g. 3, 5-7, 12, 25). In particular, the mathe-
matical properties of these gauge freedoms have yet to be
systematically studied.

In physics, by contrast, gauge freedoms are a topic of fun-
damental importance (26). Gauge freedoms are well-known
to arise when a physical theory is expressed in a form that
manifestly respects fundamental symmetries. For example,
the classical theory of electricity and magnetism (E&M) is
invariant to Lorentz transformations, i.e., changes in an ob-
server’s velocity (27). Lorentz invariance is obscured, however,
when the equations of E&M are expressed directly in terms of
electric and magnetic fields. To express E&M in a form that is
manifestly Lorentz invariant, one must instead formulate the
equations in terms of an electromagnetic four-potential. Doing
this introduces gauge freedoms because the four-potential, un-
like electric and magnetic fields, is neither directly measurable
nor uniquely determined by the configuration of a physical
system™. Nevertheless, working with the four-potential greatly
simplifies the equations of E&M and often aids in both their
solution and their physical interpretation.

Motivated by the connection between gauge freedoms and
symmetries in physics, we investigated whether the gauge
freedoms in mathematical models of sequence-function rela-
tionships have a connection to the symmetries of sequence
space. Here we study the gauge freedoms of linear models that
are equivariant under a specific symmetry group of sequence
space—the group of position-specific character permutations.
These models include many of the most commonly used models,
including models with pairwise and/or higher-order interac-
tions. Using techniques from the theory of matrix representa-
tions, we find that the gauge freedoms of these models arise
when model parameters transform under redundant irreducible
matrix representations of the symmetry group. Based on this
finding, we describe an “embedding distillation” procedure
that facilitates the analysis of the vector space formed by the
gauge freedoms of a large class of commonly used models.

Finally, we investigate the connection between parameter
interpretability and model transformation behavior. We show
that the ability to interpret the individual parameters of an
equivariant model as quantifying the effects of specific alleles
requires that these parameters transform under a permuta-
tion representation of the symmetry group, rather than a
more general matrix representation. A consequence is that

*Results in quantum physics, such as the Aharanov-Bohm effect (28, 29), suggest a reality to the

four-potential beyond what can be inferred solely from classical E&M, though there are arguments
against this interpretation (30).

Please provide details of author contributions here.

Please declare any competing interests here.

f Correspondence: jkinney@cshl.edu (JBK)

pp.1-10

24
25
26
27
28
29
30
31

32
33
34
35
36
37
38
39
40
41

42
43
44
45
46
47
48
49
50
59

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

67


https://doi.org/10.1101/2024.05.12.593774
http://creativecommons.org/licenses/by/4.0/

68
69
70
7
72
73

74

75

76
77
78
79

80

81
82
83
84
85
86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104
105
106
107

108

109

110

111

12

113

114

115

116

117

bioRxiv preprint doi: https://doi.org/10.1101/2024.05.12.593774; this version posted May 13, 2024. The copyright holder for this preprint (which
was not certified by peer review) is the author/funder, who has granted bioRxiv a license to display the preprint in perpetuity. It is made
available under aCC-BY 4.0 International license.

all nontrivial models that satisfy this interpretation criterion
have gauge freedoms. This shows in particular that models
that have gauge freedoms can have important advantages over
mathematically equivalent models that do not have gauge free-
doms. A companion paper (31) reports specific gauge-fixing
strategies that can be applied to the most commonly used
models that can be interpreted as quantifying allelic effects.

Background

We now establish definitions and notation used in Results.
We also review basic results regarding gauge freedoms in
mathematical models of sequence-function relationships. Our
companion paper (31) provides an expanded discussion of
these results together with corresponding proofs.

Sequence-function relationships. Let A denote an alphabet
comprising a distinct characters. Let S denote the set of o
sequences of length L built from these characters. A model
of a sequence-function relationship, f(s; 6‘_'), is defined to be a
function that maps each sequence s € S to a complex number.
The vector § denotes the parameters of the model and is

assumed to comprise M complex numbers.

Linear models. Linear models of sequence-function relation-
ships are linear in 6 and thus have the form

=

M
f(5:0) = 01&(s) = Y bini(s), [1]

where Z(-) is a vector of M distinct sequence features, and
each feature z;(-) is a function that maps sequences in S to
the complex numbers. We refer to the space CM in which
these feature vectors live as feature space, and each specific
feature vector Z(s) as the embedding of sequence s.

Note that we let both sequence embeddings & and model
parameters § be complex. By contrast, ref. (31) limited embed-
dings and parameters to the reals. We choose here to work in
complex spaces because, in addition to the added generality of
the results, the algebraic completeness of the complex numbers
simplifies some of our proofs. All of our results, however, hold
if the parameters and embeddings are restricted to the reals.
See for details.

Generalized one-hot (GO) models. GO models are linear mod-
els in which the sequence features indicate only the presence
or absence of specific characters at specific positions (1). An
example of a GO is the pairwise-interaction model, which has
the form

Frain(s) = Bozo(s)+ Y > Oai(s)+ > Y 07 aifi (5), [2]

<l ¢,

where 1,I' € {1,...,L} index positions within sequences s
and ¢, € A index characters at these positions. Pairwise-
interaction models comprise three types of GO feature: the
constant feature, xo(s), which equals one for every sequence s;
additive features, z7(s), which equal one if s, = ¢ and equal
zero otherwise (where s; denotes the character at position [ in
sequence s); and pairwise features, ;rlcﬁ/(s), which equal one if
both s; = ¢ and s;y = ¢, and which equal zero otherwise.

GO models are defined in a similar manner: as sums of
terms that each have the form
i () 3]
Here, K € {0, ..., L} is a term-specific number, {l1,1l2,...,lx}
is a term-specific set of positions, and {c1, c2, ..., ck} is a term-
specific set of characters at the corresponding positions. Each
feature 7,2 °(s) is a K-order one-hot feature defined to
be equal to one if s = ¢ for all k € {1,..., K} and equal to
zero otherwise. For example, the pairwise-interaction model
is a GO model that contains a K = 0 term' as well as all
possible terms of order K =1 and K = 2.

Gauge freedoms. Gauge freedoms are transformations of
model parameters that do not affect model predictions. For-
mally, a gauge freedom is any vector § € CM that satisfies

f(s:0) = f(s;6+ ) forall seS. [4]

For linear sequence-function relationships, the set of gauge
freedoms G is a vector space in C™. G is the orthogonal
complement of the space spanned by sequence embeddings,
which we denote by spanZ (31). In what follows, we use v to
represent the dimension of G, and often refer to this quantity
somewhat informally as the number of gauge freedoms.
Gauge freedoms arise from linear dependencies among se-
quence features. For example, one-hot pairwise-interaction
models have M = 1+ ol + (g) a? parameters, but span @
has only 1 + (v — 1)L + (g) (o — 1)? dimensions due the
presence of L + (g) (2ac — 1) constraints on the embedding.
Specifically, zo(s) =, a:,cl (s) for all positions [ (yielding 1
constraint per position), and both zf(s) = ), :Elclc,,(s) and
zi(s) = >, xlclllc(s) for all characters ¢ and for all pairs of
positions | < I’ [yielding 2a. — 1 independent constraints per
pair of positions (31)]. The one-hot pairwise interaction model

therefore has v = L + (g) (2a0 — 1) gauge freedoms; See also
(3, 5, 7, 10).

Fixing the gauge. Fixing the gauge is the process of removing
gauge freedoms by restricting 0 to a subset of parameter space,
©, called the gauge. Linear gauges are choices of © that
are themselves vector spaces. One useful property of linear
gauges is that gauge-fixing can be accomplished by projection.
Specifically, for any linear gauge ©, there exists a projection
matrix P that projects each parameter vector 6 € CM onto
an equivalent parameter vector 5ﬁxcd that lies in ©, i.e.,

Ofixea = P4. (5]

Given O, the projection matrix P is uniquely defined by the
requirement that P is idempotent, the image P is ©, and
the kernel of P is G. Our companion paper (31) describes
a parametric family of linear gauges (including an explicit
formula for the projection matrix) that includes many of the
most commonly used gauges as special cases.

Results

In what follows, we define the group of position-specific char-
acter permutations, as well as the linear models that are
equivariant under this group. Next, we use methods from the

T Here and in what follows, K = 0 corresponds to feature xo and parameter 6.
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theory of group representations (32) to identify all possible
equivariant linear models. In the process, we also describe a
procedure we call “embedding distillation” that allows one to
compute the gauge freedoms of any equivariant linear model.
After demonstrating embedding distillation on the one-hot
pairwise-interaction model, we apply embedding distillation to
GEO models and derive expressions for the number of gauge
freedoms (i.e., the dimension of the space of gage freedoms)
of a variety of commonly used models. Finally, we explore
the relationship between model transformation behavior and
parameter identifiability.

Position-specific character permutations. Let H.p denote the
group of permutations among the a possible characters at
position [ in a sequence. Note that Hép is isomorphic to
the symmetric group on « elements, S, (32). The group of
position-specific character permutations is given by the direct
product of all Hip, i.e.,

Hpscp = Hép x -+ x Hép. (6]

Given any h € Hpscp, the transformation of a sequence s by
h is written as hs, and the transformation of sequence space
S by h is written as hS.

Equivariant embeddings and equivariant models. A represen-
tation R of a group H is a function that maps each h € H to
a complex matrix R(h) such that R(hihs) = R(h1)R(h2) for
all hi,he € H. In what follows, we say that an embedding &
is “equivariant” if and only if there is a representation R of
Hpscp such that

Z(hs) = R(h) Z(s) 7]

for all h € Hpgcp and all s € S (Fig. 1A). We also say that a
linear model is equivariant if and only if it is defined with an
equivariant embedding Z in Eq. 1. For any equivariant model,
the transformation of sequence space by any h € Hpscp can be
compensated for by a corresponding transformation of model
parameters. Specifically, the sequence-space transformation
S — hS, h € Hpscp, is compensated for by the parameter
transformation 6 — R(h)flmﬂ7 in the sense that f (s; 5) =
f (hs;R(h)flTﬁ_‘) for every s € S and 6 € CM (see

). Using terminology from representation theory, every
R(h) is an M x M matrix where M is called the degree of R
(denoted deg R). Similarly Z(s) is an M-dimensional vector,
where m is called the degree of Z (denoted deg ).
Maschke decomposition of equivariant embeddings. Every
group representation is either reducible or irreducible. A
representation is irreducible if and only if it has no proper
invariant subspace. Maschke’s theorem, a basic result in repre-
sentation theory, says that all representations of finite groups
are equivalent (i.e., equal up to a similarity transformation) to
a direct sum of irreducible representations. Any representation
R of Hpscp can therefore be expressed as

K
R~ QuRy, 8]
k=1

where ~ denotes equivalence, each Ry is an irreducible repre-
sentation of Hpgcp, all Ry are pairwise inequivalent, and Q
denotes the multiplicity of Ry in the direct sum.

decompose representation
using Maschke’s Theorem

B Q
Ry ! 1
Ry 0 z 1Q1
Q2 z
Ry T21
Ry j':2Q2
Qr | .
Ry TK1
0 .
Rk Zxqx
distill embedding
c using Theorem 1
Ry Rt 7 1
Rg 0 3—"’2
0 - \ f(list
0 full rank
7 by
RK Tk J Theoryem 2
Ry Rredun
0
Qi1 Ry
0 - 0, v
Q-1 number of
gauge
0 RK freedoms
QKX

Fig. 1. Embedding distillation. (A) Given an M -dimensional embedding & that is
equivariant under Hpscp, let R be the representation of Hpscp that acts on Z.
(B) By Maschke’s theorem, R can be decomposed into a direct sum of irreducible
representations, Ry (k € {1, ..., K}), each of which occurs with multiplicity Q,
(Eq. 8). Similarly, Z can be decomposed into a direct sum of irreducible embeddings
Zrq (g € {1,...,Qx}), where each Ty, transforms under R (Eq. 9). (C) By
Theorem 1, an additional similarity transformation can be performed that, for each
value of k, zeroes out all but one Z; the remaining Z, is denoted by Z, (Eq. 11
and Eq. 12). Consequently, Z decomposes into a direct sum of a distilled embedding,
, and a zero vector, 0, having dimension ~ (Eq. 11). &% is given by the
direct sum of all Z;, (Eq. 12) and is full rank by Theorem 2. The distilled representation,
R4 describes how & 41t transforms and contains one copy of each Rj. The
redundant representation, R redun operates on 67 and encapsulates the Q — 1
redundant copies of each Ry ~, the degree of R**4"" is equal to the number of
gauge freedoms (Eq. 15).

fdist
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In what follows, we say that a sequence embedding is
irreducible if and only if it transforms under an irreducible
representation of Hpscp. One consequence of Eq. 8 is that
any embedding Z that transforms under R can be decomposed

as
K Qg
7= DD 9]
k=1 g=1

where each Zrq is an irreducible embedding that transforms
under Rj. This decomposition is illustrated in Fig. 1B. We
assume in what follows that all ¥, are nonzero, but this
assumption can be removed without fundamentally changing
our results.*

Distillation of equivariant embeddings. We now describe how
equivariant models are analyzed via the distillation of their
embeddings. In , we prove the following:

Theorem 1 Any two nonzero sequence embeddings that trans-
form under the same irreducible representation of Hpscp are
equal up to a constant of proportionality.

Using Theorem 1, then performing additional similarity trans-
formations to remove the constants of proportionality, we

obtain,
K
P o,
k=1

where T, is any one of the Zy4, and @y is the multiplicity of
in the direct sum. Additional similarity transformations can
then be performed to zero out all except one copy of T. We
therefore find that there is an invertible “distillation matrix”
T such that

[10]

TZ = 29" ¢ 0., [11]

where 0, is a y-dimensional vector of zeros, and

K
—dist -
T = Tk,

k=1

is the distilled embedding. Similarly, the matrix representation
R decomposes as

[12]

TRT—I _ R‘dist ® R‘redun [13]
where the distilled representation, Rt = @szl Ry, con-
tains one copy of each Rg, and the redundant representation,
Rredur — @le(Qk — 1) Rk, contains all of the other copies
of each Ry that are present in R. These decompositions are
illustrated in Fig. 1C.

Identification of gauge freedoms in equivariant models. To
identify the gauge freedoms of any equivariant model, we use
the fact that 4= is full rank. This is a consequence of the
following Theorem, which is proven in :

Theorem 2 For each k € {1,...,K}, let & be a nonzero
embedding that transforms under an irreducible representation
Ry of the group Hpscp. Then the direct sum of all Ty, is full
rank if all Ry are pairwise inequivalent.

*see for a statement of our main results when this assumption is removed.

Because 9 is full rank, §T#(s) = 0 for all s € S if and only
if
G=T"[Ox—r ® 3], [14]

for some y-dimensional vector g,. The space of gauge transfor-
mations, G, is therefore given by the set of vectors having the
form in Eq. 14. In particular, the number of gauge freedoms
is,

v = deg & — deg " = deg R™™™". [15]
We thus see that the number of gauge freedoms is equal to the
sum of the degrees of all redundant irreducible representations
in R.

From Eq. 14, we also see that G is spanned by the last v
column vectors of TT. One can therefore compute a basis for G
simply by computing 7', and computing 7" only requires keeping
track of the similarity transformations needed to express ¥ in
the distilled form shown in Eq. 11.

Identification of all equivariant embeddings. The specific struc-
ture of Hpscp allows us to identify all possible inequivalent
irreducible equivariant embeddings, ;. Because T is irre-
ducible and Hpscp is a product group, Zr can be expressed

as
L

I, [16]
=1

fk’:

where each Z¥ is an embedding that depends only on the
character at position [ and that transforms under an irreducible
representation of Hsp. Moreover, because Hip is isomorphic
to So and S, supports only two inequivalent embeddings (see
for proof), there are only two inequivalent choices
for each Zf: the trivial embedding and the simplex embedding.
The trivial embedding, denoted Z ™'Y, maps every sequence to
a one-dimensional vector and transforms under what is called
the “trivial representation” of S,. The simplex embedding,
denoted Z ™, maps sequences to the a vertices of an o — 1
dimensional simplex and transforms under what is called the
“standard representation” of S,. One example of the simplex
embedding is the tetrahedral embedding of DNA and RNA
(20, 22). Note: to lessen the notational burden in what follows,
we avoid writing '™ within tensor products over positions
[, and only show factors that contribute nontrivially to these
products.
We now identify all equivariant embeddings Z. Because

—triv = sim)
)

there are 2 inequivalent choices for each ZF (& or I
L

there are 2¥ inequivalent choices for @k, and thus (QK) in-

equivalent choices for the set {fk}le, Letting K in Eq. 12

L
range from 0 to 27, we find that there are Zi{:o (2;) — 92"

inequivalent choices for &4t

. Every equivariant embedding &
L
can therefore be expressed, using one of these 22 inequivalent

distilled embeddings Z %" together with a zero vector (_)'7 and

an invertible matrix T. Conversely, choosing any of the 92"
inequivalent distilled embeddings & *, any non-negative inte-
ger v, and any invertible matrix T" of the appropriate size will
yield an equivariant embedding # via Eq. 11. We therefore
find that, modulo the choice of the similarity matrix 7" and
number of gauge freedoms +, there are 92" distinct choices for

—

xX.
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A constant

-+ 11111

pairwise

- 11T -

nearest-neighbor

-~ 11T

+

all-order

-+ 111 -

all-adacent

K-order .

K-adjacent .

7 TN

Fig. 2. Structure of GEO models. (A,B) Models analyzed in Table 1, illustrated for L = 5. Open circles represent sequence positions. Closed circles represent sets of
parameters that are closed under the action of Hpscp, as in Eq. 23. Edges indicate position indices shared by all the parameters within each closed set. (A) Structure of
specific models of interest. (B) Structure of K-order models and K -adjacent models for various interaction orders K.

Analytical analysis of pairwise-interaction models. We now
demonstrate the embedding distillation procedure on the
pairwise-interaction model. First we specify the pairwise-
interaction embedding, & pair, as a direct sum of direct products
of simpler embeddings:

- —triv —ohe —ohe —ohe
T pair = T [S5) @ml S5 1) ®ml/ 5
l <’

(17]

where "¢ is a position-specific one-hot embedding of dimen-

sion « given by
;" (s)
() = | [18]
z* (s)

for all sequences s, where c1,...,c, denote the elements of A.
The number of model parameters is equal to the dimension
of @ pair, which is seen from Eq. 17 to be deg Z pair = 1 + Lo +
(2)a’

The gauge freedoms of pairwise-interaction models arise
because Z pair is not full rank. The reduced rank of Z pair is

a consequence of the fact that Z°2° is reducible. To derive a
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model type interaction orders  no. parameters (/) no. gauge freedoms (v)
constant 0 1 0
additive 0,1 14+ La L
pairwise  0,1,2 14 Lo+ (12‘)042 L+ (g)(Qaf 1)
nearest-neighbor  0,1,2 1+ La+ (L —1)a? L+ (L-1)(2a—-1)
all-order  0,1,...,L (a+1)E (a+1)EF —ak
all-adjacent  0,1,...,L 1+ 25 [ef ! = (L+)a+ L] 14 %5 [20F —al~l = (L+1)a+ L]
K-order K (}L<)C“K (f{)aK - ZkK:O (i)(a— 1)k
hierarchical K-order  0,1,..., K Zf:o (é)ak Zf:o (i) [a"' —(a— 1)’“]
K-adjacent! K (L—K+1)ak (L — K)ak—1
hierarchical K-adjacentt  0,1,..., K 1+ 3% (L—k+1)ak (L—K)aX~1+1+ 3 N L—k+1)o”

Table 1. Number of parameters and gauge freedoms of various GEO models. Columns show model type, the orders of interaction included in

each model, the number of parameters of each model, and the number of gauge freedoms of each model. See

results. GEO, generalized equivariant one-hot. TAssumes K > 1.

distilled version of & air that is full rank, we reexpress Z "

as a direct sum of irreducible embeddings using

—triv

i"the ~ T

o™ it
see for details. Plugging Eq. 19 into Eq. 17, ex-
panding the direct product, and grouping like terms, we get

fpair ~ |:1+L+< >:|—otr1v @L —sim
[20]

where the scalar coefficients denote the multiplicity of each
term in the direct sum. Because ™V, Z7™ and &H™ @ 7™
are irreducible and pairwise 11flequ1valent7 the distillation of

Z pair 18 seen from Eq. 20 to be

—»Sun —sim

& Ty
i<l

—sim

x

—dist —triv —sim —sim
L pair = T S x; @ & Ty

l <t

21]

From this we observe that deg 7 ot = 14+ L(a—1)+ (5) (a—1)2
The number of gauge freedoms then follows from Eq. 15:

v=1L+ (;)(2a1),

which matches the well-known result (3).

22]

Generalized equivariant one-hot (GEO) models. For a GO
model to be equivariant, it is sufficient for the model to be
expressible as a sum of equivariant terms, each term of the

form
DR D iy

c1€A cg €A

peiez-
lllg..

e Tl 1 (8)) [23]
for some term-specific choice of K and term-specific set of
positions {l1,...,lx}. Observe that GEO models differ from
GO models in that, for every set of positions used to define a
term, a GEO model sums over all possible characters at all
positions in the set, whereas a GO model need not include
terms for every possible choice of characters. An example
of GO models that are not GEO models are those based on
wild-type embeddings, i.e., embeddings that exclude features
that involve character-positions pairs that occur in a chosen
“wild-type” sequence.

for derivations of these

The embeddings of GEO models all have the following form.
Let A; denote a set of sequence positions, and let {4; }‘j]:1
denote the sets of positions used to construct an GEO model
with sequence embedding Z. By analogy to Eq. 17, & can then

be written as
7 @ ® zohe.

j=11€A;

[24]

Because each direct product in Eq. 24 yields an embedding of
dimension o4l the full dimension of # (and thus the number
of model parameters) is

J

. A

deg¥ = E al4il,
j=1

Analytical analysis of GEO models. Now we derive the cor-
responding distilled embedding. Using Eq. 19 to decompose
each ZP"° in terms of Z'™V and Z™, then expanding each
tensor product and grouping the resulting terms, we find that
Z is given by Eq. 10 where

[25]

T = [26]

—sim
x )

leBy,

where each By, (k € {1,...,K}) denotes a subset of positions
that occurs among at least one of the A;, and @} denotes the
number of A; in which By occurs.S By inspection we see that
each 7, in Eq. 26 has dimension (a — 1)!P#!. Therefore, the
dimension of ¥ can alternatively be written as

degi’:ZQk(a—l)‘Bkl. [27]

k=1

—»ilm

is irreducible. Con-
is given by Eq. 12 and

Every Z is irreducible because every &
sequently, the distilled embedding & st
has dimension

K

deg 74t = Z(oz - l)lB"".

k=1

[28]

J
SFormally, By, = ' P(Aj) where P(-) denotes the powerset, and Q) =
= =1

Z] N 1P(Aj)(3k) where 1 p(4)(+) is the indicator function for membership in P(A).
=
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Fig. 3. lllustrated distillation computation. (A) Embedding Z of sequence s = ABC for an all-order interaction model based on the alphabet A = {A, B, C}. Embedding
has degree M = 64. (B) Result of multiplication by the decomposition matrix, Tyecom- (C) Result of subsequent multiplication by the thinning matrix Tinhin. (D) Result of

subsequent multiplication by the sorting matrix Tsort, Which yields Fdist

2 sim

numbers indicate Z;

[&5) 6.Y with v = 37 gauge freedoms. In B-D, dots indicate 7tV dashes indicate zero vectors, and
or Kronecker products thereof for specified positions [. (E) Distillation matrix 7" that implements the full distillation procedure in A-D. Last ~y rows of T’

provide a sparse basis for the gauge space, G. In A-E, vector and matrix elements are colored using: blue, +1; yellow, -1; gray, 0.

Using Eq. 15, the number of gauge freedoms of the embedding
Z is thus seen to be

K
Y=Y (Qr—D(a—1)". [29]

k=1

This result provides a way to analytically compute the number
of gauge freedoms of any GEO model. Table 1 reports the
number of gauge freedoms thus computed for a variety of such
models. provides expanded descriptions for each
model, as well as detailed computations of the results in Table
1.

We note that the only GEO models that have no gauge
freedoms are those that have embeddings built from only one
tensor product in Eq. 24. To see this, observe from Eq. 29 that
~v = 0 if and only if none of the Q) are greater than 1. This

requires that none of the By are subsets of two or more Aj;.

But the empty set, (), is a subset of every A;, which means
that Qr = J whenever By = (). Gauge freedoms will therefore
be present unless J = 1, i.e. the direct sum in Eq. 24 includes
only one term.

Computational analysis of GEO models. To derive a basis
for the space of gauge freedoms, we must choose a specific
realization of the irreducible embeddings "V and ™. In

what follows we choose ™ (s) = [1] and

;' (s)
if s; # ca,
| 7 (s) |
" (s) = ) (30]
—1
: if 1 = ca,
-1

for all sequences s, where c1, ..., co represent an ordering of
the characters in A. With these choices in hand, Eq. 19 can
be written as an equality:

T(l)fOI‘e _ gptriv ® fSim, [31]

where T is an @ X a matrix given by

11 - 1 1
10 -~ 0 -1

so_ |0 1 0 -1 3]
00 - 1 -1

Using T™ one can compute the distillation matrix for any
GEO model as the product of three matrices:

T= Tsort Tthin Tdecom- [33]

The effects of these three matrices are illustrated in Fig. 3.

The “decomposition matrix”, T'qecom, decomposes the one-hot
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embedding # (Fig. 3A) into a direct sum of irreducible embed-
dings (Fig. 3B). The “thinning matrix”, T¢nin, then zeros out
all except the first copy of each irreducible embedding (Fig.
3C). The “sorting matrix”, Tsort, then rearranges the direct
sum so that the remaining nonzero embeddings come first (Fig.
3D). provides explicit algorithms for constructing
Tdecom, Tthin, and Tsort, as well as the inverse of each of these
three matrices, for a large class of GEO models. Each of these
six matrices has only O(L) nonzero elements, and the algo-
rithm for constructing each matrix has O(L) computational
complexity. The resulting distillation matrix 7', as well as its
inverse, are also sparse. Moreover, every nonzero element of
T is +1 or -1 (Fig. 3E). Because the last y columns of T
provide a basis for G, we thus obtain a basis for the gauge
space consisting of sparse vectors whose only nonzero elements
are +1 and -1.

This result can also be used to efficiently fix the gauge of
any GEO. Define the projection matrix

_ gt —1t
p=T', 17", 34]

where |, , denotes that the last v columns of a matrix have
been set to zero. P projects parameter vectors @ onto the
spaced spanned by the first M — ~ columns of T'T. Moreover,
by expanding P as

o =1t p-1t

sort © thin © decom’

Tt

thin

p=1!

decom

TZort I‘IM—-y [35]
and applying each matrix factor to g individually, this projec-
tion can be performed in O(L) time. Projection by P therefore
provides and efficient way to remove gauge freedoms by project-
ing model parameters into a linear gauge. We note, however,
that the resulting linear gauge is not one of the parametric
gauges discussed in our companion paper (31).

Interpretability of pairwise-interaction models. The ability to
interpret the parameters of equivariant models as quantify-
ing allelic effects is closely related to how those parameters
transform under Hpscp. To illustrate this point, we consider
two equivariant models: a pairwise-interaction GEO model
with embedding & pair, and the corresponding distilled model
with embedding ¥ gffr, both operating on sequences built from
a three-character alphabet, A = {A,B,C}. The two embed-
dings encode the same set of interactions but do so in different
ways: Z pair is built from the single-position one-hot encodings
ZPPe, whereas fg;ffr is built from the single-position simplex
encodings Z™ (Fig. 4A). And as we show above, the GEO
model has gauge freedoms whereas the distilled model does
not.

We now focus on how the features and parameters of these
two models are affected by the transformation h € Hpgscp that
exchanges the characters A and C at all positions [. For the
GEO model, h induces a permutation of embedding coordi-
nates (Fig. 4B) and thus of model parameters. Consequently,
h preserves the set of values taken by the GEO parameters; it
simply permutes which parameters have which values. This
mirrors the action of h on the alleles that drive model predic-
tions: h permutes sequences and thus the one-position and
two-position alleles they contain, but does not alter the full
set of alleles present among the full set of sequences. And in
fact we see that individual parameter values track their corre-
sponding alleles: 0;* and 0f switch values, GﬁIA and HS/C switch

values, etc.. The transformation behavior of the GEO model
is therefore consistent with individual parameters quantifying
the effects of individual alleles.

For the distilled model, however, h induces a non-
permutation transformation of embedding coordinates (Fig.
4C) and thus of model parameters. Using the embedding
shown in Fig. 4A, one finds that the value of ] transforms to
—0} + 67, the value of 6}, transforms to 0} — 057 — 031 + 677,
etc.. The transformation h therefore changes the full set of
values taken by the distilled model parameters. Consequently,
the individual parameters of this model cannot be interpreted
as quantifying the effects of individual alleles.

Nontrivial equivariant allelic models have gauge freedoms. To
clarify the connection between the interpretation and transfor-
mation behavior of model parameters, we now formalize the
notion of an allele, and allelic effect, and related concepts. We
define an allele a to be a pattern of characters that is either
present or absent in every sequence. The corresponding allelic
set S, is defined to be the set of sequences that have allele
a, and the corresponding allelic feature xz, is defined be the
indicator function for membership in S,. An allelic model is
defined to be a linear sequence-function relationship in which
every feature is an allelic feature. The effect of allele a is
defined, in the context of a specific allelic model, to be the
parameter 6, that multiplies the allelic feature xz,.

Requiring an allelic model to be equivariant puts strong
constraints on which alleles it can describe, and on how the
corresponding allelic features and allelic effects transform.
Given a specific allele a, the action of Hpscp on a generates
a set of alleles O, which we call an allelic orbit. If the allelic
model is equivariant, the allelic sets S,/ corresponding to
all a’ € O will tile sequence space without overlaps. This
requirement greatly constraints the set of possible alleles such
a model can describe. Moreover, the model must include
one feature z,s for every allele @’ € 0. These features will
then transform among themselves according to a permutation
representation. See for details.

An equivariant allelic model must therefore contain features
that can be partitioned into a set of complete allelic orbits.
The features of the model will then transform under a direct
sum of permutation representations, one for each allelic orbit.
Because every permutation representation contains the trivial
representation in its Maschke decomposition, the allelic model
will have at least as many gauge freedoms as the number of
allelic orbits minus one. Perhaps more intuitively, the sum of
all allelic features corresponding to each orbit is equal to one
for all sequences. Therefore, each orbit’s features are sufficient
to represent a constant function on sequence space. Including
features from multiple orbits therefore overparameterizes the
model and introduces gauge freedoms. We emphasize, however,
that additional gauge freedoms can be present as well, so this
result only provides a lower bound on ~.

It is readily seen that all GEO models are allelic models.
In a GEO model, each allelic orbit corresponds to a position
set A; in Eq. 24, and the number of allelic orbits is given
by J. Our lower-bound on the number of gauge freedoms
recapitulates the finding above that only GEO models with
J = 1 have no gauge freedoms. We also show in
that, given a model defined by a direct sum of direct products
of single-position embeddings, the corresponding GEO model
has the smallest number of gauge freedoms possible.
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character at position [

A 5 C feat.
one-hot 1 0 0 zh
LapiBEiE

!

simplex 1
embedding | ! 0 -1 Ty
(@™ 0 1 -1 z?

oY)

Fig. 4. Transformation behavior of two single-position embeddings. (A) Two

single-position embeddings, i‘[’he and '™, for the three-character alphabet
—ohe

A = {A,B, C}. The specific features corresponding to each element of &,

and Z;"™ are also shown. (B) The three-dimensional one-hot embedding, &2 (¢),

for each ¢ € A. (C) The two-dimensional simplex embedding, i‘f‘m(c), for each
¢ € A. Pink arrows indicate the transformation of each embedding vector induced by
permuting characters A and C at position I.

We therefore see that there is an incompatibility between
two distinct notions of parameter interpretability. In all except
a limited class of models, the ability to interpret parameters
as quantifying allelic effects is incompatible with the ability
to interpret parameter values in the absence of gauge-fixing
constraints. The only exceptions to this rule are single-orbit
allelic models, but these models are trivial in the following
sense: Y each sequence has only one allele, the effect of which
is the model’s prediction for the sequence. In a single-orbit
allelic model, each sequence has only one allele—and thus one
feature and one parameter—that contributes to its activity.
The parameters are therefore essentially just a catalog of al-
lelic effects. By contrast, the reason researchers quantitatively
model sequence-function relationships in the first place is to
deconvolve the influence of multiple co-occurring alleles. We
conclude that, among nontrivial equivariant models (i.e., mod-
els that support co-occurring alleles), the ability to interpret
model parameters as quantifying allelic effects requires that
the model have gauge freedoms.

Discussion

Motivated by the connection between gauge freedoms and
symmetries in physics, we investigated the relationship be-
tween gauge freedoms and symmetries in quantitative models
of sequence-function relationships. We found that, for models
that are equivariant under the group of position-specific char-
acter permutations (denoted Hpscp), gauge freedoms arise
due to model parameters transforming according to redundant
irreducible matrix representations of Hpscp. From a practical
standpoint, this result facilitates the analytic calculation of

9 This is the same sense in which the “trivial gauge” described in (31) is trivial.

the dimension of the space of gauge freedoms in a large class
of commonly used models, as well as the efficient computation
of a sparse basis for this space. From a conceptual standpoint,
the results link the gauge freedoms of models of sequence-
function relationships to the transformation behavior of these
models under a specific symmetry group of sequence space.

We also investigated the link between parameter transfor-
mation behavior and parameter interpretability. In doing so,
we identified a tension between two different notions of pa-
rameter interpretability: in all nontrivial equivariant models,
the ability to interpret the values of model parameters in the
absence of gauge-fixing constraints is incompatible with the
ability to interpret parameters as quantifying allelic effects.
Consequently, models that do have gauge freedoms (including
nontrivial additive models, pairwise-interaction models, etc.)
have important advantages over equally expressive models that
do not have gauge freedoms.

We now return to the analogy with theoretical physics. In
classical field theories like E&M, there are specific symme-
tries that are well-established by experiment and that any
mathematical formulation of the theory must be consistent
with. This does not, however, mean that the equations of the
theory must transform in a simple way under those symme-
tries. Mathematically formulating physical theories so that the
equations themselves manifestly respect the symmetries of the
theory generally requires over-parameterizing the equations,
thereby introducing gauge freedoms. Physicists often find it
worthwhile to do this, as having fundamental symmetries be
reflected in one’s equations can greatly facilitate the inter-
pretation and application of those equations. Solving such
equations, however, requires fixing the gauge—introducing
additional constraints that make the solution of the equations
unique.

Unlike in physics, there is no experimentally established
requirement that models of sequence-function relationships be
equivariant under symmetries of sequence space. The specific
mathematical form one uses for such models is subjective,
and different models are commonly used in different contexts.
Citing the ambiguities caused by gauge freedoms, some have
argued for restricting one’s choice of model to those that have
no gauge freedoms. Nevertheless, models that have gauge
freedoms remain dominant in the literature. We suggest that
a major reason for this may be that researchers prefer to use
models that both (a) reflect symmetries of sequence space
and (b) have parameters that can be interpreted as allelic
effects. As we showed, these criteria require the use of over-
parameterized models. And in this way, the origin of gauge
freedoms in models of sequence-function relationships does
mirror the origin of gauge freedoms in physical theories.

There is still much to understand about the relationship
between models of sequence-function relationships, the symme-
tries of these models, and how these modes can be biological
interpreted. This paper and its companion (31) have only
addressed gauge freedoms and symmetries in linear models
of sequence-function relationships. Some work has explored
the gauge freedoms and symmetries of nonlinear models of
sequence-function relationships (33, 34), but important ques-
tions remain. The sloppy modes (35, 36) present in sequence-
function relationships are also important to understand but,
to our knowledge, these have yet to be systematically studied.
Addressing these problems is becoming increasingly urgent,
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not just because of the rapidly expanding use of quantita-
tive models of sequence-function relationships, but also be-
cause of the emerging use of surrogate models for interpreting
sequence-function relationships described by genomic deep
neural networks (37).

Materials and Methods

See Supplemental Information for full derivations of the mathe-
matical results. Python code implementing the embedding distil-
lation algorithm described the section “Computational analysis of
GEO models”, as well as used for generating Fig. 3, is available at
https://github.com/jbkinney/23_posfai.
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