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Abstract

Previously, statistical textbook wisdom has held that interpolation of noisy training
data will lead to poor generalization. However, recent work has shown that this
is not true and that good generalization can be obtained with function fits that
interpolate training data. This could explain why overparameterized deep nets with
zero or small training error do not necessarily overfit and could generalize well.
Data interpolation schemes have been exhibited that are provably Bayes optimal in
the large sample limit and achieve the theoretical lower bounds for excess risk (Sta-
tistically Consistent Interpolation) in any dimension. These interpolation schemes
are non-parametric Nadaraya-Watson style estimators with singular kernels, which
exhibit statistical consistency in any data dimension for large sample sizes. The
recently proposed weighted interpolating nearest neighbors scheme (wiNN) is in
this class, as is the previously studied Hilbert kernel interpolation scheme. In
the Hilbert scheme, the regression function estimator for a set of labelled data
pairs, (z;, ;) € R4 x R, i = 0,...,n, has the form f(z) = 3, y;w;(z), where
wi(x) = ||z — x;]| 7%/ X2, [l — 2;]|~¢. This interpolating function estimator is
unique in being entirely free of parameters and does not require bandwidth se-
lection. While statistical consistency was previously proven for this scheme, the
precise convergence rates for the finite sample risk were not established. Here, we
carry out a comprehensive study of the asymptotic finite sample behavior of the
Hilbert kernel regression scheme and prove a number of relevant theorems. We
prove under broad conditions that the excess risk of the Hilbert regression estimator
is asymptotically equivalent pointwise to o2(x)/In(n) where o2(x) is the noise
variance. We also show that the excess risk of the plugin classifier is upper bounded
by 2|f(z) — 1/2|'7% (1 + &)%¢*(x)(In(n))~ 2, for any 0 < a < 1, where f is
the regression function x — E[y|z]. Our proofs proceed by deriving asymptotic
equivalents of the moments of the weight functions w; (x) for large n, for instance
for g > 1, E[w? (7)] ~n—oo ((B—1)nIn(n))~L. We further derive an asymptotic
equivalent for the Lagrange function and explicitly exhibit the nontrivial extrapola-
tion properties of this estimator. Notably, the convergence rates are independent of
data dimension and the excess risk is dominated by the noise variance. The bias
term, for which we also give precise asymptotic estimates, is always subleading
when the density of data at the considered point is strictly positive. If this local
density is zero, we show that the bias term does not vanish in the limit of a large
data set and we compute its limit explicitly. Finally, we present heuristic arguments
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for a universal w2 power-law behavior of the probability density of the weights
in the large n limit.

1 Introduction

Data interpolation and statistical regression of noisy data are both classical subjects but their domain
of application have been disjoint until recently. Scattered data interpolation techniques [1] are
generally used for clean data. On the other hand, when supervised learning or statistical regression
techniques are applied to noisy data, in general smoothing or regularization methods are applied
to prevent training data interpolation, as the latter is believed to lead to poor generalization [2].
However, accumulating empirical evidence from overparameterized deep networks has shown that
data interpolation (equivalently, zero error on the training set) does not automatically imply poor
generalization [3} |4]. This has in turn given rise to a rapidly growing body of theoretical work to
understand how and why noisy data interpolation can still lead to good generalization [5} 6} 7} 8] 9]
10, (115 124 113 144 [15]).

A key observations in this regard is the phenomenon of Statistically Consistent Interpolation [[16]],
i.e., regression function estimation that interpolates training data but also generalizes as well as
possible by achieving the Bayes limit for expected generalization error (risk) when the sample size
becomes large. This hints at a rich set of theoretical questions at the interface between the disciplines
of scattered data interpolation and supervised learning, that have only begun to be addressed. In
particular, there has been comparatively little study of the generalization error or risk of interpolating
learners. Computation of generalization error bounds in machine learning often relies on the capacity
of the class of fitting functions [[17], however such model complexity based bounds are not tight
enough to be useful for interpolating learners [4]. For nonparametric interpolation approaches such as
that considered here, it is also not clear what model complexity means. Thus, there is a need for other
approaches to understanding the generalization behavior of nonparametric interpolating learners,
including more direct treatments of the generalization error for specific interpolation schemes so as
to gain better theoretical understanding. The current paper addresses this need.

We present a detailed analysis of the finite-sample risk of an interpolating learner with intriguing
theoretical properties, the Hilbert kernel estimator (Devroye et. al. [18]). A unique property of
this Nadaraya-Watson (NW) style estimator [19, 20] is that it is fully parameter-free and does not
have any bandwidth or scale parameter. It is global and uses all data points for each estimate: the
associated kernel is a power law and thus scale-free. Although statistical consistency of this estimator
was proven [18] when it was proposed, there has been no systematic analysis of the associated
convergence rates and asymptotic finite sample behavior. We provide this analysis in the present
study.

Related work The only other interpolation scheme we are aware of, that is proven to be statistically
consistent in arbitrary dimensions under general conditions, is the recently proposed weighted
interpolating nearest neighbors method (wiNN) [7], which is also a NW estimator utilizing a singular
power law kernel of a very similar form but with two important differences: a finite number of
neighbors £ is utilized (rather than all data points), and the power law exponent ¢ of the NW kernel
satisfies 0 < § < d/2 rather than § = d. To achieve consistency & has to scale appropriately with
sample size. Despite the superficial resemblance, the wiNN and Hilbert Kernel estimators have quite
different convergence rates, as we will see from the results of this paper. Also worth mentioning is the
Shepard interpolation scheme [21] originally proposed for interpolation of 2D geospatial data sets,
also a NW style interpolating estimator, though used in the context of scattered data interpolation.
In scattered data interpolation [1]], the focus is generally on the approximation error (corresponding
to the “bias” term in our analysis below). The approximation error of the Shepard scheme has been
analyzed [22] but as we will see below the risk for Hilbert kernel interpolation is dominated by the
noise or “variance” term. In contrast with wiNN or Hilbert kernel interpolation, other interpolating
learning methods such as simplex interpolation [[7] or ridgeless kernel regression [[11]] are generally
not statistically consistent in fixed finite dimension [&]].

Summary of results of this paper Notation and assumptions pertaining to this summary are defined
in the problem setup section below. We prove under broad conditions that the excess risk of the
Hilbert regression estimator is asymptotically equivalent pointwise to o(z)/ In(n) where o2(x) is
the noise variance. We also show that the excess risk of the plugin classifier is upper bounded by



2|f(x) — 1/2|'= (1 + &) (x)(In(n))~ %, forany 0 < o < 1, where f is the regression function
2 +— E[y|z]. Our proofs proceed by deriving asymptotic equivalents of the moments of the weight
functions w;(x) for large n, for instance for 8 > 1, E[w? (2)] ~nooo (8 — 1)nin(n))~L. We
further derive an asymptotic equivalent for the Lagrange function and explicitly exhibit the nontrivial
extrapolation properties of this estimator. Notably, the convergence rates are independent of data
dimension and the excess risk is dominated by the noise variance. The bias term, for which we also
give precise asymptotic estimates, is always subleading when the density of data at the considered
point is strictly positive. If this local density is zero, we show that the bias term does not vanish in the
limit of a large data set and we compute its limit explicitly. Finally, we present heuristic arguments
for a universal w2 power-law behavior of the probability density of the weights in the large n limit.

2 Problem setup

Notation, Definitions, Statistical Model We model the labelled training data set
(0,90),---,(Tn,yn) as n + 1 i.id observations of a random vector (X,Y’) with values in
R? x R for regression, and with values in R? x {0, 1} for binary classification. Due to the indepen-
dence property, the collection Xy, ..., X,, has the product density [T, p(z;). We will denote by E
an expectation over the collection of n + 1 random vectors and by E x the expectation over the col-
lection X, ..., X,. An expectation over the same collection while holding X; = x; will be denoted
Ex|z,. The regression function f: R? — R is defined as the conditional mean of Y given X = z,
f(x) = ]E[Y | X = x] and the conditional variance function is o%(z) := E[|Y — f(X)[|?|X = x].
f minimizes the expected value of the mean squared prediction error (risk under squared loss),
f = argmin Ry, (h) where Rqq(h) := E[(h(X) — Y)?]. Given any regression estimator f(z) the
corresponding risk can be decomposed as E[Rqq(f(X))] = Req(f) + E[(f(X) — f(X)?]. The

excess risk is given by Ry (f) — Rsq(f) = E[(f(X) — f(X))?]. For a consistent estimator this
excess risk goes to zero as n — oo and we are interested in characterizing the rate at which it goes to
zero with increasing n (note our sample size is n + 1 for notational simplicity but for large n this
does not change the rate).

In the case of binary classification, Y € {0,1} and f(z) =P[Y = 1| X = z)]. Let F: R? — {0, 1}
denote the Bayes optimal classifier, defined by F'(z) := 6(f(z) — 1/2) where 6(-) is the Heaviside

theta function. This classifier minimizes the risk R /1 (h) := E[1{5(x)2y}] = P(h(X) # Y) under
zero-one loss. Given the regression estimator f, we consider the plugin classifier F'(z) = 0(f(x)— 1).

The classification risk for the plugm classifier F" is bounded as E[Ro/l(F( z))] = Roj1(F(x)) <
2| f(z) — £(@)]) < 2\/El(f(2) — £())?):

Finally, we define two sequences a, b, > 0, n € N, to be asymptotically equivalent for n — 400,
denoted a,, ~y— 100 by, if the limit of their ratio exists and lim,, o, a,, /b, = 1.

In summary, our work will focus on the estimation of asymptotic equivalents for E[(f(z) — f(z))?]
and other relevant quantities as this determines the rate at which the excess risk goes to zero for
regression, and bounds the rate at which the excess risk goes to zero for classification.

Assumptions. We define the support 2 of the density p as Q = {z € R?/p(z) > 0}, the closed
support €2 as the closure of {2, and 2° as the interior of (2. Our results will not assume any compactness
condition on 2 or 2. The boundary of (2 is then defined as 9 = Q \ Q°. We assume that p has a
finite variance o2. In addition, we will most of the time assume that the density p is continuous at the
considered point x € €°, and in some cases, z € 92 N €.

For the regression function f, we will obtain results assuming either of the following conditions

* C¢one: [ s continuous at the considered =,

. Cﬁolder: for all x € Q2°, there exist o, > 0, K, > 0, and d,, > 0, such that
€ Vand ||z — o' <6 = |f(z) — f(2')| < K o — o [[o
(local Holder smoothness condition),

where condition CI]-cIolder is obviously stronger than Cé
growth condition for the regression function f:

ont- 1N addition, we will always assume a



e (' . I2( d
C1Gr0wth‘ fp( 1+Hy|\2d d Y < o0.
As for the variance function o, we will obtain results assuming either that o is bounded or satisfies a
growth condition similar to the one above

o OF,.na: there exists 02 > 0, such that, for all z € §, we have 02(z) < o,
I o> (y)
y Cg}rowth' Jp( 1+HyH2d d? y < oo.

When we will assume condition C&_ .., (obviously satisfied when o? is bounded), we will also
assume a continuity condition Cg_ , for o at the considered x.

Note that all our results can be readily extended in the case where x € 9Q = Q \ Q° but keeping
the condition p(z) > 0 (i.e.,, x € 902 N ), and assuming the continuity at 2 of p as seen as a
function restricted to €2, i.e., limyco_, p(y) = p(x). Useful examples are when the support 2 of
p is a d-dimensional sphere or hypercube and x is on the surface of € (but still with p(z) > 0). To
guarantee these results for z € 9 N 2, we need also to assume the continuity at = of f, and assume
that (2 is smooth enough near x, so that there exists a strictly positive local solid angle w, defined by

1 / d 1 d
Wy = lim ——— p(y) d*y = lim / d%y, (1)
T 50 Vap(a)rd lz—yl|<r r=0 Var® Jyeq/lla—y|<r

where V; = Sy/d = n%/2/T'(d/2 + 1) is the volume of the unit ball in d dimensions, and the second
inequality results from the continuity of p at z. If z € Q°, we have w,, = 1, while for z € 012, we
have 0 < w, < 1. For instance, if z is on the surface of a sphere or on the interior of a face of a
hypercube (and in general, when the boundary near x is locally an hyperplane), we have w, = % Ifx
is a corner of a hypercube, we have w, = 2% From our methods of proof presented in the appendix,
it should be clear that all our results for x € 2° perfectly generalize to any = € 0€2 N 2 for which
wy > 0, by simply replacing V; whenever it appears in our different results by w,, V.

Hilbert kernel interpolating estimator and Bias-Variance decomposition. The Hilbert kernel
regression estimator f(z) is a Nadaraya-Watson style estimator employing a singular kernel:

= 4~

o llz — ;]I =4
f@) = > wi@)y. 3)
i=0

The weights w;(x) are also called Lagrange functions in the interpolation literature and satisfy the
interpolation property w;(x;) = d;;, where d;; = 1, if ¢ = j, and O otherwise. At any given point
x, they provide a partition of unity so that ) " , w;(z) = 1. The mean squared error between the
Hilbert estimator and the true regression function has a bias-variance decomposition (using the i.i.d
condition and the earlier definitions)

2)

fl) = fl@) = Y wi@)[f(x:) = f@)]+ ) wi@)ly = flwi)], @)
i=0 i=0
E[(f(x) = f(2))’] = Bx)+V(a), (5)
(Bias) B(ax) = Bx[(Dwi)lf) - f)]) ], ©
=0
(Variance) V(z) = ]E[Z w? () [y; — f(xz)]ﬂ =Ex [Z w?(w)az(xi)] (7)
i=0 1=0

The present work derives asymptotic behaviors and bounds for the regression and classification risk
of the Hilbert estimator for large sample size n. These results are derived by analyzing the large n
behaviors of the bias and variance terms, which in turn depend on the behavior of the moments of the
weights or the Lagrange functions w;(x). For all these quantities, asymptotically equivalent forms
are derived. The proofs exploit a simple integral form of the weight function and details are provided
in the appendix, while the body of the paper provides the results and associated discussions.



3 Results

3.1 The weights, variance and bias terms
3.1.1 Moments of the weights: large n behavior

In this section, we consider the moments and the distribution of the weights w; (z) at a given point .
The first moment is simple to compute. Since the weights sum to 1 and X; are i.i.d, it follows that
E x|z, [wi(x)] are all equal and thus Ex ,, [w;(z)] = (n + 1)~L. The other moments are much less
trivial to compute and we prove the following theorem in the appendlx@

Theorem 3.1. For x € Q° (so that p(x) > 0), we assume p continuous at x. Then, the moments of
the weight wo(x) satisfy the following properties:

e For 3 > 1:
1
7. 8
[ ] n—stoo — 1)nln(n) ®
» For 0 < 8 < 1: defining kp(x f p‘ZlJlr[f{l d%y < oo, we have
E {wg(x)} ~ rip (@) . )
n—+oo (Vgp(z)nlin(n))s
e For 8 < 0: all moments for 3 < —1 are infinite, and the moments of order —1 < B < 0
satisfy
E [wg(a:)} <1+ nf-@w(x)m (z), (10)
so that a sufficient condition for its existence is kg(x) = [ p(x +y)||y||'?14 dly < cc.

Heuristically, the behavior of these moments are consistent with the random variable W = wg(z)

having a probability distribution satisfying a scaling relation P(W) = m} P ( W ) with the scaling

function p having the universal tail (i.e., independent of x and p), p(w) ™ w~2, and a scale W,
w—r—+00

expected to vanish with n, when n — 4-co. With this assumption, we can determine the scale W,, by
imposing the exact condition E[W] =1/(n+1) ~ 1/n:

EW] = W/ < )WdW Wn/ w)w dw (11)

W.,L 1
~ W, / — ~ =W, In(W,,) ~ e (12)

leading to W, ~ . Then, the moment of order 8 > 1 is given by

1
nln(n)

1
Wfﬁ W/‘B W ~ W, [)[75 2dW ~
” / < ) I / d n—+oo (8 — l)nln(n)’ ()

which indeed coincides with the first result of Theorem [3.1] Our heuristic argument also suggests
that in the case 0 < 8 < 1, we have

1 +oo ﬂd
]EW]_Vilf/Op(Vv[I//>WﬂdW o pwutdw (14)

n—-+o0o (n 1n(n))5

where the last integral converges since p(w) > w~2and 3 < 1. This result is perfectly consistent
w—r+00
rp (@)

with Eq. @) in Theorem and suggests that f0+°° p(w)w? dw = WVap(z))? - Interestingly, for
0 < B < 1, and contrary to the case 8 > 1, we find that the large n equivalent of the moment is not
universal and depends explicitly on x and the density p. As for moments of order —1 < 8 < 0, we
conjecture that they are still given by Eq. (9) (and equivalently, by Eq. (T4)) provided they exist, and
that the sufficient condition for their existence kg () < oo is hence also necessary, since r5(x) also
appears in Eq. (@) The fact that moments for § < —1 do not exist strongly suggests that p(0) > 0.



In fact, Eq. (14)) also suggests that all moments for —1 < 3 < 0 exist if and only if 0 < p(0) < co.
In the Fig. [2| of the appendix, we present numerical simulations confirming our scaling ansatz, the
fact that p(w) o w2, and the quantitative prediction for W,,.

It is shown in Devroye et al. [[L8] that the Hilbert kernel regression estimate does not converge
almost surely (a.s.) by giving a specific example. Insight can be gained into this lack of almost sure
convergence by considering the weight function wo (), for a sequence of independent training sample
sets of increasing size n + 1. Let the corresponding sequence of weights be denoted as w,, € [0, 1].
From Theorem 3.1] it is clear that w,, converges to zero in probability, since the following Chebyshev
bound holds (analogous to the bound on the regression risk):

1+6

<_-T9
Plon >¢) < e2nln(n)’

15)
for arbitrary ¢ > 0 and § > 0, and for n larger than some constant IV, 5. Alternatively, one can
exploit the fact that E[w,,] = n%rl, leading to P(w,, > &) < —L-, which is less stringent than Eq.
as far as the n-dependence is concerned, but is more stringent for the e-dependence of the bounds.

Let us show heuristically that w,, does not converge a.s. to zero. Consider the infinite sequence of
events &, = {w, > ¢}, n € N, and the corresponding infinite sum > P(&,) = >, P(w, > €).
Exploiting our previous heuristic argument for the scaling form of the distribution of weights, we

obtain T /1 . . . I L. -
Wy >€) = —p| = ~ —~ .
. Wnp W, eninn W2 enln(n)
Since 25:2 ﬁ(n) ~ In(In(N)) is a divergent series, a Borel-Cantelli argument suggests that an

infinite number of the events &, (i.e., w, > &) must occur, which implies that w,, does not converge
a.s. to 0. Note that the weights are equal to 1 at the data points due to the interpolation condition, so
that large weights occasionally occur, causing the lack of a.s. convergence.

3.1.2 Lagrange function: scaling limit

The expected value of the Lagrange functions w;(x) have a simple form in the large n limit. Due
to the i.i.d. condition the indices ¢ are exchangeable and we set ¢+ = 0 for the computation of the
expected Lagrange function Lo(z) = Ex |, [wo(x)]. Thus, one of the sample points (denoted ) is
held fixed and the other ones are averaged over in computing the expected Lagrange function. For
xo # x kept fixed, we have lim,, o Lo(z) = 0. However, we show in the appendix [A.3|that Ly (x)
takes a very simple form when taking a specific scaling limit:

Theorem 3.2. For x € Q°, we assume p continuous at x. Then, in the limit (denoted by limyz), n —

+00, ||z — 20|~ = 400 (ie., zg — x), and such that z,(n, z¢) = Vap(z)||x — x0|%nlog(n) — Z,
the Lagrange function Lo(x) = Ex |, [wo(w)] converges to a proper limit,
1
lim L =—. 17
im o(z) 117 a7

The proof of this theorem shows that the relative error between Lo(z) and H%Z for finite but large n

and large ||z — x| =%, such that 2z, (n, 7o) remains close to Z, is O(1/ In(n)).

Exploiting Theorem|[3.2] we can use a simple heuristic argument to estimate the tail of the distribution
of the random variable W = wq(z). Indeed, approximating Lo (z) for finite but large n by its

asymptotic form -, with 2, (n, z9) = Vap(x)nlog(n) [z — 20|, we obtain

! 1
PW'dWw' ~ / T 9( —W)ddas, (18)
Jy AR I\ T Vapmoslie — aal? ’
+o00 1
~ V 0 -Wld 19
o) [0 v ) )
1 1
nln(n)W — PW) nln(n)W?2’
where 6(.) is the Heaviside function. This heuristic result is again perfectly consistent with our guess

of the previous section that P(W) = Wi D (ﬂ) , with the scaling function p having the universal

(20)

W



tail, p(w) ~ w2, and ascale W,, ~ ——. Indeed, in this case and in the limit n — o0, we
W—+00 nln(n)

2
obtain that P(W) ~ - (%) ~ W~ sa(eyw? » Which is identical to the result of Eq. .

3.1.3 The variance term

A simple application of the result of Theorem [3.1]for 3 = 2 (see appendix allows us to bound
the variance term V(x) = E {ZZ o wi(@)y; — f(z )]2} for a bounded variance function o2:

Theorem 3.3. For x € Q°, p continuous at x, o2 < 08, and for any € > 0, there exists a constant
Ny e such that for n > N, ., we have

V() < (14¢) 15&)' 1)

Relaxing the boundedness condition for &, but assuming the continuity of o2 at  along with a growth
condition, allows us to obtain a precise asymptotic equivalent of V(z), when n — +o0:

Theorem 3. 4 For z € Q° o(zx) > 0, pa? continuous at x, and assuming the condition Cg__ ..,
ie, [ p(y) 1+Hy|\2d d%y < oo, we have

o*(z)

n—too In(n)

V(x)

(22)

Note that if the mean variance [ p(y)o?(y) d%y < oo, which is in particular the case when o2 is

bounded over §2, then the condition C&,.;, is in fact automatically satisfied.

3.1.4 The bias term

In appendix we prove the following three theorems for the bias term.

Theorem 3.5. Forz € Q° (so that p(z) > 0), we assume that p is continuous at x, and the conditions

. f . f d
CGrowth' fp( 1+HyH2d d%y < oo,

. C’{;Older: there exist o, > 0, K, > 0, and 5, > 0, such that
o' € Qand |z —a'|| <0, = [f(z) = f(2')] < Kq [lw — 2|
(local Holder condition for f).

Moreover, we define k(z) = [ p(x + y)% d%y, where we have |k(z)| < oco.

2
Then, for k(x) # 0, the bias term B(z) = Ex {(Z?:o w;(2)[f(z;) — f(x)]) } satisfies

Bla) ~ (E f@)] - f<:c>)2, with E|f@@)] - /@) ~ wé% 23)
In the non generic case r(x) = 0, we have the weaker result
0 (n %5 (In(n))~ ) . for d > 2a,
B(z)=1q O (n '(In(n))~"), for d = 2a, (24)
O (n~(In(n))~2), for d < 2a,

Note that (x) = 0 is non generic but can still happen, even if f is not constant. For instance, if {2 is a
sphere centered at z or 0 = RY, if p(x+y) = p(||y||) is isotropic around z, and if f, : y — f(z+y)
is an odd function of y, then we indeed have () = 0 at this symmetric point z.



Interestingly, for k(z) # 0, Eq. shows that the bias B(x) is asymptotically dominated by
the square of E [f(m)} — f(z), showing that the fluctuations of E {f(x)] — > qw;(z) f(x;) are

negligible compared to E [f(x)} — f(x), in the limit n — +o0 and for x(x) # 0.

One can relax the local Holder condition, but at the price of a weaker estimate for B(x) which will
however be enough to obtain strong results for the regression and classification risks (see below):

Theorem 3 6 For x € Q°, we assume p and f continuous at x, and the growth condition C’érowth:

f oy 1+Hy\|2d ddy < oo. Then, the bias term satisfies

B(z) =0 (ln(1n)> ; (25)

or equivalently, for any € > 0, there exists Ny, ., such that forn > N, .

B(z) < (26)

In(n)’

Let us now consider a point z € 99 for which we have p(z) = 0 (note that z € 92 does not
necessarily imply p(z) = 0). In appendix we show the following theorem for the expectation

value of the estimator f(z) in the limit n — +o0:

Theorem 3.7. For x € 09 such that p(x) = 0, we assume that f and p satisfy the conditions

° Cérowth fp 4 ﬁ )H‘ ddy <00,

. Cﬁolder: there exist ay, > 0, K, > 0, and 6, > 0, such that
¥ eQand|z—2|| <y = |p(2))| < K, ||z — a'||*
(local Holder condition for p).

Moreover, we define k(z) = [ p(x W dy (|k(x)| < oo under condition C(f;rowth),
and \(x Pl(lmm) ddy (0 < A(z) < oo under condition C§4.,)- Then,
- ; _ k(=)
TLETOO]E[f(x)] —fz) = Nz) 27

Hence, in the generic case k() # 0 (see Theorem and the discussion below it) and under
condition C%, 4., We find that the bias does not vanish when p(z) = 0, and that the estimator f(x)
does not converge to f(x). When p(x) = 0, the scarcity of data near the point  indeed prevents the
estimator to converge to the actual value of f(z). In appendix we show an example of a density
p continuous at = and such that p(z) = 0, but not satisfying the condition C}; and for which

limy, s o0 E[f(2)] = f(2), even if x(x) # 0.

older?

3.2 Asymptotic equivalent for the regression risk

In appendix[A.6] we prove the following theorem establishing the asymptotic rate at which the excess
risk goes to zero with large sample size n for Hilbert kernel regression, under mild conditions that do
not require f or o to be bounded, but only to satisfy some growth conditions:

Theorem 3.8. For x € Q°, we assume o(x) > 0, p, o, and [ continuous at x, and the growth

.. . d
conditions Cg& . [ p(y Wd y < oo and C’Gmwth [ oy Wd y < oo,
Then the following statements are true:

* The excess regression risk at the point x satisfies
o*(@)

E((f(z) — f(z))?] (28)

nﬂr\;oo ln(n) ’



* The Hilbert kernel estimate converges pointwise to the regression function in probability.
More specifically, for any § > 0, there exists a constant N 5, such that for any € > 0, we
have the following Chebyshev bound, valid for n > N s

p 146 o%(x)
Pllf(z) — f(x)] > €] < .
@)~ f@)| > < ==
This theorem is a consequence of the corresponding asymptotically equivalent forms of the variance
and bias terms presented above. Note that as long as p(z) > 0, the variance term dominates over the

bias term and the regression risk has the same form as the variance term.

(29)

3.3 Rates for the plugin classifier

In appendix we prove the following theorem establishing the asymptotic rate at which the
classification risk goes to zero with large sample size n for Hilbert kernel regression:

Theorem 3.9. Forz € Q°, we assume o(x) > 0, p, o, and f continuous at x. Then, the classification
risk E[Ro /1 (F(x))] — Roy1(F(x)) vanishes for n, — +oc.

More precisely, for any € > 0, there exists N ., such that for any n > N, .,

0 < E[Ro1 (F(2))] - Rojs (F(x)) < 2(1 + £)—22_ (30)

E
2

In addition, for any 0 < a < 1, the general inequality

E[Ro/1 (F(2))] - Ros(F(@) < 2f(@) - L2/ [Ife) - f@)P] . 6D

holds unconditionally and, for n > N, ., leads to

0 < E[Ro/1 (F(2))] = Rojr (F(2)) < 2|f(x) —1/2]'"* (1 + 6)“(12255));~ (32)

For 0 < a < 1, Eq. (32) is weaker than Eq. (30) in terms of its dependence on n, but explicitly
shows that the classification risk vanishes for f(z) = 1/2. This theorem does not require any growth
condition for f or o, since both functions takes values in [0, 1] in the classification context.

3.4 Extrapolation behavior outside the support of p

We now take the point z outside the closed support  of the distribution p (which excludes the case
Q) = R%). We are interested in the behavior of E [ f (:c)} asn — +o0. In appendixwe prove:

Theorem 3.10. For x ¢ Q, we assume the growth condition f ply ‘f (W)l d%y < oco. Then,

1+Hy||d

e 1 )W)l — ] dy

fo(@) = lm E|f(z)| = fp ||a: 1Ty (33)
and foo is continuous at all x ¢ Q.
In addition, if [ p(y)|f(y)| d%y < oo, and defining d(x, ) > 0 as the distance between x and Q, we
have

lim fo(r) = / W) f(y)dy. (34)
d(z,Q2)—+o0

Finally, we consider vo € 0S) such that p(xg) > 0 (ie, z9 € 002 N Q) and assume
that f and p seen as functions restricted to ) are continuous at o, i.e. limyecq_,z, p(y) =

p(xo) and limycq_yq, f(y) = f(xo). We also assume that the local solid angle wy
lim,_yo W f\la:ryl\ﬁr p(y) dy exists and satisfies wy > 0. Then,
hm o To)- 35
Jim ffa) = f) G5)

Eq. (34) shows that far away from 2 (which is possible to reahze for instance, when €2 is bounded),
foo( ) goes smoothly to the p-mean of f. Moreover, Eq 5) establishes a continuity property for
the extrapolation fOO at xo € 02 N Q under the stated conditions (remember that for x € Q°, we

have lim,,—, 100 E { f (x)] = f(z); see Theorem and in particular Eq. ).
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A Proofs

A.1 Preliminaries

In the following, z € Q° so that p(z) > 0, and we will assume for simplicity that the distribution p
is continuous at .

For the proof of our results, we will often exploit the following integral relation, valid for 5 > 0,

1 oo
F(B)/ B le b2 gt = 278, (36)
0
In addition, we define
__t
wlat) = [ pla+ v B dly, 37)

which will play a central role. We note that ¢)(z,0) = 1, and that ¢t — (z, ) is a continuous and
strictly decreasing function of ¢. It is even infinitely differentiable at any ¢ > 0, but not necessarily at
t = 0. In fact, for a fixed z, controlling the behavior of 1 — ¢(z, ¢t) when ¢ — 0 will be essential to
obtain our results.

We show in Fig. [T]an example of the Hilbert kernel regression estimator in one dimension. Both
the bias and the variance of the estimator can be visually seen, as well as the extrapolation behavior
outside the data domain. Note that in higher dimensions, the sharp peaks would have rounded tops.

A.2 Moments of the weights: large n behavior

In this section, we provide a complete proof of Theorem[3.1] Several other theorems will use the very
same method of proof and some basic steps will not be repeated in their proof.

Using Eq. for 8 > 0, we can express powers of the weight function as

wl@)=—+ L /+°° (Bt llz—aol| =t TI, [le—ail|~¢ g (38)
’ [z — 2ol[P* T'(B) Jo '
By taking the expected value over the n + 1 independent random variables X;, we obtain
B 1 e B—1
E|wf(2)] = e /0 A1 (@, ) (a, 1) d (39)
with .
e lwid

bp(w,t) = /p(x—i—y)Wd Y, (40)

which is also a strictly decreasing function of ¢, continuous at any ¢ > 0 (in fact, infinitely differen-
tiable for t > 0).

Note that the exchange of the integral over ¢ and over ¥ = (xg, x1, ..., ;) used to obtain Eq.
is justified by the Fubini theorem, by first noting that the function Z wg (z) [Tiy p(z;) is in
LY(R%), since 0 < wg (z) < 1, and since p is obviously in L'(R?%). Moreover, the function
t > 71" (2, t)pp(x,t) > 0is also in L(R). Indeed, we will show below that it decays fast
enough when ¢t — +oo (see Eqs. (#2}50)), ensuring the convergence of its integral at +o0, and that it
is bounded (and continuous) near ¢ = 0 (see Eqs. (63}[68)), ensuring that this function is integrable at
t=0.

For 8 = 1, 1 = —0s1), and we obtain E [wo (x)] = n-ls-l , as expected. In the following, we first
focus on the case § > 1, before addressing the cases 0 < 8 < 1 and 8 < 0 at the very end of this

section.
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Hilbert kernel regression example n=50
1.5 \ \ \

= =Sin(2rx) xe€ [0.25 0.75]
— Hilbert kernel estimator

Figure 1: An example is shown of the Hilbert kernel regression estimator in one dimension, both
within and outside the input data domain. A total of 50 samples x; were chosen uniformly distributed
in the interval [0.25 0.75] and y; = sin(27a;) + n; with the noise n; chosen i.i.d. Gaussian
distributed ~ N (0,0.1). The sample points are circled, and the function sin(27x) is shown with a
dashed line within the data domain. The solid line is the Hilbert kernel regression estimator. Note the
interpolation behavior within the data domain and the extrapolation behavior outside the data domain.

We now introduce ¢; and ¢ (to be further constrained later) such that 0 < ¢; < t5. We then express
the integral of Eq. as the sum of corresponding integrals I1 + I15 + 5. I; is the integral between
0 and t1, I15 the integral between ¢; and to, and I5 the integral between t5 and +oo. Thus, we have

I <E [wﬁ(x)] <Ii+ La+ Do, 41)

provided these integral exists, which we will show below, by providing upper bounds for /5 and I,
and tight lower and upper bound for the leading term 1.

Bound for I,

11



For any R > 1, we can write the integral defining ¢ (x, t)

) = 42
vl /IIySR+/yIZR @

: 2
< e‘ﬁ+/ p(x+y)||y|2| d%y, (43)
lyll>R R
_+ C,
< e &’ +R—§, (44)

with C,, = af, + ||z — 1, ||? depending on the mean 1, and variance aﬁ of the distribution p. Similarly,
for ¢5(z,t), we obtain the bound

1 _ & C
?5(r.1) < Fa® ™+ s

< = (45)

valid for ¢ > max(1, 8) and R < r;, where r; = (t/3)'/¢ > 1 is the location of the maximum of

et

the function r — <53

We now set R = t, with 0 < s < 1, and take T4 > max(1, 3, 3/(1~*)) (so that 1 < R < 1) is
large enough such that the following conditions are satisfied for t > to > T3,

e_ﬁ = e_tlfs < f;;, (46)
%efﬁ = tﬁ%eftl_s < t%cfws‘ 47
Hence, for t >ty > T, we obtain
vt < 252, 8)
bs(n,t) < t;fé”ﬁs~ (49)

In addition, we also impose t, > Ty = (4C,)% (%), so that 2§= < s, forany t > T, =
td

max (T4, Ty). Finally, exploiting the resulting bounds for ¢ (z,t) and ¢g(z,t) for s = 1/2, we
obtain the convergence of I (which, along with the bounds for I; and I;5 below, justifies our use of
Fubini theorem to obtain Eq. (39)) and the exact bound

T 5 d 1
I, = 7/ 9 (@, ) (s t) db < (50)

X b)
LB Ji, L) 2rti(n+1)
for any given to > T5.
Bound for 115

Again, exploiting the fact that ¢(z, t) and ¢(z, t) are strictly decreasing functions of ¢, we obtain

ok (l‘, tl)tg
I'(B)

where we note that ¢(z,t1) < 1, for any ¢; > 0.

Il2 S X,(/)n(xatl)7 (51)

Bound for I

We first want to obtain bounds for 1 — ¢(x,t), where 0 < ¢ < ¢, with ¢; > 0 to be constrained
below. In addition, exploiting the continuity of p at 2 and the fact that p(z) > 0, we introduce
¢ satisfying 0 < € < 1/4, and define A > 0 small enough so that the ball B(x,d) C Q°, and
llyll <A = |p(z +y) — p(x)| < ep(z). Exploiting this definition, we obtain the following lower

12



and upper bounds

1—g(zt) > (1—e)p 1—e¢ |d> ddy, (52)

llyll<A

L= ¢(z,t) < (1+e)p /||<A<1 ew"d> d*y (53)
"/

+/ ple+y) (1—e w) ddy, (54)
IS

< (1+5)p(x)/ <1—enfd> diy+ L. (55)
llyll<A A

The integral appearing in these bounds can be simplified by using radial coordinates:

, A
/ (1—elyd> dly, Sd/ (l—e rd> =1 qp, (56)
[lyll<A 0

+o0o 1—e ¥
Vit / " . (57)

u2
A\d
where Sy and V; = %" are respectively the surface and the volume of the d-dimensional unit sphere

and we have used the change of variable u = Tid

We note that for 0 < z < 1, we have

TO ] _emu 11—wu—e T e
/Z " du = —In(z2) +/Z —z du +/1 —z du. (58)
Exploiting this result and now imposing ¢; < A%, we have, for any ¢t < ¢,
C_ o e C
ln<> < / ° du<ln( *), (59)
t _t u? t
Ad
+o0 1—e ¥
In(C-) = dln(\)+ / ——du, (60)
1 u
1 _
1 . _ u
0

Combining these bounds with Eq. (52) and Eq. (55), we have shown the existence of two z-dependent
constants D such that, for 0 < ¢t < ¢; < A%, we have

(1 —¢)Vap(z)tln ([1 ) <1—9(x,t) < (14 ¢)Vyp(z) tin (D;> . (62)

In addition, we will also chose ¢; < D /3, such that the two functions ¢ In (D ) are positive and
strictly increasing for 0 < ¢ < ;. ¢ is also taken small enough such that the two bounds in Eq. (]3_7[)
are always less than 1/2, for 0 < ¢ < ¢; (both bounds vanish when ¢t — 0).

We now obtain efficient bounds for ¢(x,t), for 0 < t < ¢;. Proceeding in a similar manner as
above, we obtain

e Nl
) > (1- —d%, 63
bs(,t) > (1—)pla) /lm o (©3)
dp(et) < (1+2)p(x) / o I gay . L 64)
wii<a llyl1P4 Apd

Again, the integral appearing in these bounds can be rewritten as

eil\ytHd d A d(1-B)—1 ot
/ AT d%y = Sd/ r e rd dr. (65)
[ly]|<A [yl 0
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For 0 < 8 < 1, the integral of Eq. is finite for ¢ = 0, ensuring the existence of ¢z(x, 0) and the
fact that t +— t#~19(z,t)¢s(z, ) belongs to L (R) (hence, justifying our use of Fubini theorem for
0 < B8 < 1). For 8 > 1, we have

eiw 1.8 “+o0 5o —u
/ Tol18d = Vat / u’ e " du. (66)
uli<x 1l -
~io Val(B =1t P 67)

This integral diverges when ¢ — 0 and the constant term A~#? in Eq. can be made as small
as necessary (by a factor less than €) compared to this leading integral term, for a small enough ¢;.
Similarly, we can choose ¢ small enough so that the integral Eq. (65) is approached by the asymptotic
result of Eq. @[} up to a factor €. Thus, we find that for 0 < ¢ < t1, one has

(1= 26)Vap(@)T(B — )" 7 < gp(,t) < (1+ 3¢)Vap(x)T'(8 — 1)t 7. (68)

This shows that t~1¢g(z, t) has a smooth limit when ¢ — 0 so that, combined with the finite upper

bound for Iy, t = t#~ 19 (x,t)p(z,t) belongs to L' (R), for 3 > 1, and hence for all 3 > 0. Hence,
the use of the Fubini theorem to derive Eq. (39) has been justified.

Now combining the bounds for ¢(z, t) and ¢g(z,t), we obtain

1

I (1- 25)5 — 1Vdp(x)/0 1 (1 —(14+¢)Vyp(z)tin (D;)) dt, (69)
D_
Tt

Y

I

IN

(1—|—3€)ﬂi1Vdp(x)/Ol (1—(1—5)Vdp(33)tln( )) i, (70)

Asymptotic behavior of I, and E {wg (:c)}

‘We will show below that

[ (2w o
0 * t n—+oo Eynln(n)’

where EL = (1 F ¢)Vyp(x). For a given x, and for ¢; and - satisfying the requirements mentioned
above, the upper bounds for I15 (see Eq. (51))) and I (see Eq. (50)) appearing in Eq. (#I)) both
decay exponentially with n and can hence be made arbitrarily small compared to I; which decays as

1/(n In(n)).

Finally, assuming for now the result of Eq. (to be proven below), we have obtained the exact

asymptotic result

1
E[wg@)] [CESIOb 72)

Proof of Eq.
We are then left to prove the result of Eq. @I) First, we will use the fact that, for 0 < z < z; < 1,
one has

e <l—z<e™?, (73)
where p = —In(1 — 21)/z;. We can apply this result to the integral of Eq. , using 2§ =
Ext;In(D+/t;) > 0. Note that 0 < t; < D+ /3 and hence z;¥ > 0 can be made as close to 0 as
desired, and the corresponding p1+ > 1 can be made as close to 1 as desired. Thus, in order to prove
Eq. (7I), we need to prove the following equivalent

t1 D 1
In:/o e "E““(t)dtn;;w Bl (74)
for an integral of the form appearing in Eq. (74). Let us mention again that ¢; has been taken small
enough, so that the function ¢ — ¢ In % is positive and strictly increasing (with its maximum at
tmax = D/e < t1), for 0 < t < 5.
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In(n)

We now take n large enough so that =
(2

<ty and E'ln(n) > 1. One can then write

1 In(n) . tq
I, = f/ e~ Buln(22) du+/ e EN(R) g — g 4K, (75)
nJo e
1/E In(n) "
J, < l/ e~ Buln(DEn) gy 4 l/ e_Eum(hﬁi’L)) du, (76)
nJo nJi/E
1 In(n)
< 77
= Enln(DEn)+DEn21n(lfj(n))’ 7
too —nEt ln(Q) 1
K, < / e /) dt < — . (78)
% En1+E1n(E) In (g)
When n — +o00, we hence find that the upper bound I;7 of I,, satisfies
1 1
g (719)

I ~ —_— ~ _—
" notoo Enln(DEn) n—+oo Enln(n)

Let us now prove a similar result for a lower bound of I,, by considering n large enough so that
nEt; > 1, and by introducing 0 satisfying 0 < § < 1/e:

1 nEty
oo L o—uIn(DEn)+uln(u) g, (80)
nk 0 ’
1 5
> / efuln(DEn)+51n(6) du (81)
- nk 0 7
o3 In(d) ) DEn)~? I-(§ 82
> - _ =1 .
> nEln(DEn)( (DEn)™") = I () (82)

Hence, for any 0 < § < 1/e which can be made arbitrarily small, and for n large enough, we find
that I,, > I, (), with
& 1n(4) & 1n(4)
I7(0) ~ 5 ~
Enln(DEn) Enln(n)
Eq. (83) combined with the corresponding result of Eq. for the upper bound I finally proves
Eq. (74), and ultimately, Eq. (72) and Theorem [3.1] for the asymptotic behavior of the moment

E {wg(m)}, for 3 > 1.

(83)

Moments of order 0 < 5 < 1

The integral representation Eq. (36) allows us to also explore moments of order 0 < § < 1. In that
case rg(x) = ¢pg(x,0) < oo is finite, with

_l’_
kp(z) = / dey. (84)

By retracing the different steps of our proof in the case 3 > 1, it is straightforward to show that

B ~ kg (33) h B—1 —nVgp(x)tln DTi
E [wo (x)} nSiee T(B) /0 t" e < ) dt, 85)
k() 56

oo (Vap(z)nln(n))?’

where the equivalent for the integral can be obtained by exploiting the very same method used in our
proof of Eq. (7T)) above, hence proving the second part of Theorem 3.1}

We observe that contrary to the universal result of Eq. for 3, the asymptotic equivalent for the
moment of order 0 < 5 < 1 is non universal and explicitly depends on x and the distribution p.
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Moments of order § < 0

Finally, moments of order 8 < 0 are unfortunately inaccessible to our methods relying on the integral
relation Eq. (36)), which imposes 5 > 0. We can however obtain a few rigorous results for these
moments (see also the heuristic discussion just after Theorem [3.1).

Indeed, for § = —1, we have

1 " 1
— =14z =zl ——. (87)
o LIl e

But since we have assumed that p(z) > 0, E[||z — z;|| 7% = [ pl(lg;ﬁf;’) d%y is infinite and moments
of order 8 < —1 are definitely not defined.

As for the moment of order —1 < § < 0, it can be easily bounded,

Bluf@)] <10 [ ool aty [HECH dty (38)

and a sufficient condition for its existence is k5 (x) = [ p(x + y)||y||?/¢ d%y < oo (the other integral,
equal to k)| (), is always finite for |3| < 1), which proves the last part of Theorem 3.1

Numerical distribution of the weights

In the main text below Theorem 3.1} we presented an heuristic argument showing that the results of
Theorem [3.1]and Theorem [3.2] (for the Lagrange function; that we prove below) were fully consistent
with the weight W = wq () having a long-tailed scaling distribution,

1 w
P,(W) = WP (W) . (89)

The scaling function p was shown to have a universal tail p(w) ~ w~?2 and the scale W,, was
shown to obey the equation —W,, In(W,,) = n~'. To the leading order for large n, we have
Wy ~ m, and we can solve this equation recursively to find the next order approximation,

Wy ~ m In Fig 2| we present numerical simulations for the scaling distribution p of the
variable w = W/W,,, for n = 65536, using the estimate W,, ~
is very well approximated by the function p(w) =

77- We observe that p(w)

1
nln(nln(n

, confirming our non rigorous results. The
¢

1
(1+w)?
data were generated by drawing random values of ¢ = ||z — 2;||? using (n + 1) i.i.d. random
variables a; uniformly distributed in [0, 1], with the relation 7; = [a;/(1 — a;)]*/%, and by computing
the resulting weight W = r; ¢/ Z;’L:o r;d. This corresponds to a distribution of ||z — ;|| given by
plo = i) =1/Va/(1+ ||z — 2| 9)2.

A.3 Lagrange function: scaling limit

In this section, we prove Theorem for the scaling limit of the Lagrange function Lo(x) =
[E x|z, [wo(x)]. Exploiting again Eq. (36), the expected Lagrange function can be written as

—+o0
Lo(z) = || — @0 ¢ o (w, t)e ool ™ gy, (90)
0

where t(z,t) is again given by Eq. (37).

For a given ¢; > 0, and remembering that ¢ (z,t) is a strictly decreasing function of ¢, with
¥ (x,0) = 1, we obtain

Ly < Lo(xz) < Ly + Lo, 1)
with
t1 _
L= Jo—wol ™ [ g el ©2)
0
Ly, = e—tillz—woll = (93)
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Figure 2: We plot the results of numerical simulations for the distribution p of the scaling variable
w = Wﬂ, with W,, ~ m, and for n = 65536 (black line). This is compared to p(w) =

m (red line), which has the predicted universal tail p(w) ~ w~2 for large w.

For ¢ > 0 and a sufficiently small ¢; > 0 (see section|A.2), we can use the bound for ¢)(x, t) obtained
in section[A.2] to obtain

1 h D, " -t
(1- 2E)m/o 1—(1+¢e)Vyp(z)tin <t> e l===ol® dt,  (94)

1 t1 D_ " _ t
(1 +36)|x—xo||d/o 1—(1—¢)Vap(z)tln (t) e le=wl? dt. (95)

Then, proceeding exactly as in section[A.2] it is straightforward to show that L; can be bounded (up
to factors 1 + O(e)) by the two integrals Ly

o, z)tln Pr)y__ ¢
[l — ol Jo

Ly

Y

Ly

IN

Like in section we impose t; < D /3, such that the two functions ¢ In (%) are positive and
strictly increasing for 0 < ¢ < ¢;.

We now introduce the scaling variable z(n, z¢) = Vyp(z)||x — z¢||?n log(n), so that

ln(Di/t) ln(Di Hzfmoﬂ_d’/u)

_ t 142 LS W PP S S

1 t1 le—aoll@ < n(n) > le—xzolld Tn(n)

If=—-" [ e dt = e du,
0

o — a0 0
97)

where we have used the shorthand notation z = z(n, xg).

For a given real Z > 0, we now want to study the limit of Lo(z) when n — oo, ||z — zg|~¢ — +o0
(i.e., zy — ), and such that z(n,z¢) — Z, which we will simply denote limy Lo(z). We note

that limy Lo = 0 (see Eq. and Eq. ), so that we are left to show that lim » LljE = 1—5%2 =
limy Lo (x), which will prove Theorem
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Exploiting the fact that uIn(u) > —1/e, for u > 0, we obtain

In(Dy le—aq| —¢
- t1 i _“<1+Z<i1n(n)0)>
_ z z—x(
¥ > o / e du, (98)
0

1 z ot
> T Ze_eln(n) (1 — e la—=zgld )> , (99)

which shows that LljE is bounded from below by a term for which the lim 7 is

1

1+Z*

Anticipating that we will take the limy and hence the limit xy — z, we can freely assume that
|z — zol| < land K = W > 1, so that we also have K < W We then obtain

n z—agl|~%/u
x —<+(<>/)) .
Ly < / e du+/ e " du, (100)
0 K
o L n z—zo| %
1 u<1+zl(Diln(n)O”)) K u(l+zW> ;
= /e d“+/ e du + ¢~ (101)
0 1
P W o L ) B L G el
—e n(n e =T
: + +e f (102)
< In(D|lz—z0~¢) (D [[z—aol -/ K)
1+ZW L4z In(n)

For Z > 0, limy Tn(n) = limy Tn(n) = 1, and the limy of the upper bound in

n(|lz—o | =) n(Jlz—wol|~4/2)
Eq. (102) is also 1+Z For Z = 0, we have limy ZT ey = 0, so
that the limz of the upper bound in Eq. (102) is 1. Fmally, since limz L, = 0, we have shown

that for any real Z > 0, limy L =limy Lo(z) = I + 157> Which proves Theorem Note that the
two bounds obtained suggest that the relative error between Lg(x) and

= limgz 2

T + 11 for finite large n and

large ||z — ||~ with z(n, 2¢) remaining close to Z is of order 1/ In(n), or equivalently, of order
1/In(||z = zol|).
Numerical simulations for the Lagrange function at finite n

A.4 The variance term

‘We define the variance term V(X) as

= B[S ut@) )] = Bx [Y ud@)et@)] = ) E [ud@)r(wo)] . (103
i=0 1=0

If we first assume that o%(z) is bounded by o, we can readily bound V(z) using Theorem 3.1/ with

B =2:
V(z) < (n+1)02E [wg(:c)] . (104)
Hence, for any € > 0, there exists a constant N, ., such that for n > N, ., we obtain Theorem@
ag
<(1 . 105
Vi) < (14 )l (105)

However, one can obtain an exact asymptotic equivalent for V() by assuming that o is continuous
at x (with o2(x) > 0), while relaxing the boundedness condition. Indeed, we now assume the growth

condition C&, .th

a*(y) d
/p(y)l Iz d%y < oo. (106)

Note that this condition can be satisfied even in the case where the mean variance [ p(y)o?(y) d%y is
infinite.
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. Average Lagrange function n=400
100 ‘ ‘ ‘
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Figure 3: A numerical simulation is shown of the expected value of the Lagrange function of the
Hilbert kernel regression estimator in one dimension for a uniform distribution like in Fig. [T} A total
of n = 400 samples x; were chosen uniformly distributed in the interval [0, 1] for 100 repeats and
the Lagrange function evaluated at 2y = 0.5 was averaged across these 100 repeats (blue curve). The
black curve shows the asymptotic form (1 + Z)~! with Z = 2|z — x¢|/W,,. Since n = 400 is not
too large, we used the implicit form for the scale W), given by W, In(1/W,,) = 1/n (see main text
below Theorem [3.1)) leading to W, ! = 3232.39 (compare with 400 In(400) = 2396.59).

Proceeding along the very same line as the proof of Theorem [3.1]in section[A.2] we can write

—+oo
B [ufe)o’(en)] = [ 00" totat)dr (107)
0
with .
T wle
bz, ) = / pla+ )o@ +3) T ', (108)

which as a similar form as Eq. (40), with 5 = 2. The condition of Eq. (I06) ensures that the integral
defining ¢(x,t) converges for all ¢ > 0.
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The continuity of o2 at z (and hence of po?) and the fact the p(x)o?(x) > 0 implies the existence
a small enough X\ > 0 such that the ball B(z,\) C Q° and ||y|| < A = |p(z + y)o?(z +y) —
p(z)o?(x)| < ep(x)o?(x), a property exploited for p in the proof of Theorem 3.1 (see Eq. and

the paragraph above it), and which can now be used to efficiently bound ¢(z, ¢). In addition, using

the method of proof of Theorem (see Eq. ) also requires that nyH%\ p(y)ﬁ% ddy < oo,

which is ensured by the condition C'¢ .+, of EqQ. . Apart from these details, one can proceed
strictly along the proof and Theorem [3.1] leading to the proof of Theorem [3.4}
2
V(z) o (@) (109)

n—stoo In(n)

Note that if 0%(2) = 0, one can straightforwardly show that for any ¢ > 0, and for n large enough,
one has

V() < —

S oy’ (110)

while a more optimal estimate can be easily obtained if one specifies how o2 vanishes at .

A.5 The bias term

This section aims at proving Theorem [3.3] 3.6} and[3.7]
Assumptions

We first impose the following growth condition Cérowth for f(z) :=E[Y | X = z]:

Fy) d
/P(Q)Wdy<007 (111)

which is obviously satisfied if f is bounded. Since p is assumed to have a second moment, condition

C(f;rowth is also satisfied for any function satisfying | f(z)| < Ay||y||?*! for all y, such that ||y|| >

f

Ry, for some Ry > 0. Using the Cauchy-Schwartz inequality, we find that the condition C¢,, .\

also implies that
£ ()]

/ p(y)w d'y < 0. (112)

In addition, for any = € Q° (so that p(x) > 0), we assume that there exists a neighborhood of = such
that f satisfies a local Holder condition. In other words, there exist d,, > 0, K, > 0, and a;; > 0,
such that the ball B(0, ¢,) C €2, and

Iyl < 0. = |f(z+y) — f(@)] < Kullyl|*, (113)
which defines condition C’IJ; older-

Definition of the bias term and preparatory results

We define the bias term B(x) as

n

Ba) = Ex[(Cwi)fe) — @) ] = (4 DBi(a) +nln+ DBo(a), (114)

=0
Bie) = —Ex[D wk@)lfw) - S, (115)
i=0
= Ex |wd(@)[f(x0) -~ f@)?], (116)
Bae) = mompEx| Y w@uw@lf@) - @) - @], a)
0<i<j<n
= Bx[wolw)wr (2)[f(x0) — @)l (1) - f@)]]. (118)
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Exploiting again Eq. (36) for 8 = 2 like we did in section[A.2] we obtain

+oo
By(x) :/ £ (2, )X (2, 1) dt, (119)
0
where v (x, t) is again the function defined in Eq. (37), and where

(f=+y) - f(@)?
[lyl[*¢

For any ¢ > 0, and under condition C’érowth, the integral defining x1 (, t) is well defined. Moreover,
x1(x,t) is a strictly positive and strictly decreasing function of ¢ > 0.

xi(@,t) = / pla + y)e Tl dy. (120)

Now, defining u; = ||z — x;||=%, i = 0, ..., n and exploiting again Eq. for 3 = 2, we can write

wo(x)w; (z) = uoul/ t e~ (otun)t— (i, wi)t gy (121)
0

Now taking the expectation value over the n + 1 independent variables, we obtain

+oo
By(z) = / ty" (@, t)x3 (2, 1) dt, (122)
0

where Fe+y) - f(2)
r+y)— flz
W

the integral defining y2(x,t) is well de-

xz(z,t) ::/P(I—Fy)(fW

f
Growth?

fined. Note that, the integral defining y2(x, 0) is well behaved at y = 0 under condition CIJ; older-
Indeed, for ||y|| < 65, we have M < K,||ly||~%*=, which is integrable at y = 0

[y[l
in dimension d. Note that, if f(x + y) — f(x) were only decaying as const./In(]|y||), then
Ix2(z,t)| ~ const.In(|In(t)|) — 400, when t — 0, and y2(x,0) would not exist (see the end of

this section where we relax the local Holder condition).

(123)

Again, for any ¢ > 0, and under condition C

From now, we denote

k(z) = x2(z,0) = /P(l“ + y)w pe

Y.
[yl

Also note that x(z) = 0 is possible even if f is not constant. For instance, if €2 is a sphere centered
at x or Q = R%, if p(x + y) = p(||y||) is isotropic around z and, if f, : y — f(x + ) is an odd
function of y, then we indeed have x(x) = 0 at the symmetry point .

(124)

Upper bound for B ()
For £ > 0, we define A like in section[A.2]and define = min(), 6,), so that
Gt < QoK) [ BRI Dty n,  a2s)
llyll<n
) — 2
llyll=n Iyl
where the constant A, < oo under condition Cér owth- Lhe integral in Eq. (125), can be written as
t n
/ o Tl ||y| [~V dty = Sd/ e s 2as=d=L gy, (127)
llyll<n 0
20y 1 too 20
= Vgt a~ / w4 e “du, (128)

nd

Hence, we find that y; (x, t) is bounded for «,, > d/2. For o, < d/2, and for ¢ < t; small enough,

there exists a constant M (2, /d) so that x1(z,t) < M(2«a,/ d)t%m_l. Finally, in the marginal
case a,; = d/2 and for ¢t < t1, we have x1(z,t) < M(1)In(1/¢), for some constant M (1).
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Now, exploiting again the upper bound of v(z, t) obtained in section and repeating the steps
to bound the integrals involving " (z,t), we find that, for a,; # d/2, B1(z) is bounded up to a
multiplicative constant by

t1 . ag —nVyp(x)tin b - min(2,292
[ (55 g ~ M(20,/d) (Vaplapnln(n) """ 129)
0 n—-—+0oo

where M’ (2a,/d) is a constant depending only on 2c,./d. In the marginal case, o, = d/2, B1(x) is
bounded up to a multiplicative constant by n =2 In(n).

In summary, we find that

@) (n‘ xa (1n(n))_1‘2%r) , ford>2a,
(n+1)Bi(x) =4 O (n(In(n)™"), for d = 2av, (130)
O (n"(In(n))~?), ford < 2a,

Asymptotic equivalent for Ba(x)

Let us first assume that x(z) = x2(z,0) # 0. Then again, as shown in detail in section the
integral defining By (z) is dominated by the small ¢ region, and will be asymptotically equivalent to

+oo
Ba(x) = / t"(x, t)xE(x, t) dt, (131)
0
t —nVyp(x)tin Dy
~ ;-;Q(a:)/ po "V ( ‘ >dt, (132)
n—-4o0o 0
k() 2
ntoo (wmmmmm>' (139

On the other hand, if x(z) = 0, one can bound x2(z, ) (up to a multiplicative constant) for ¢ < ¢;
by the integral

[ (e ) ety
[lyll<n

/r] t
Sd/ (1—e7)7~%—drd—1dr, (134)
0

“+o0
vt [T e ass

nd

Hence, for k(z) = 0, we find that

n(n+1)Ba(z) = O (n*%(ln(n))ﬂjl’”) . (136)

Asymptotic equivalent for the bias term B(x)

In the generic case x(z) # 0, we find that (n + 1)B; () is always dominated by n(n + 1)Bz(z), and
we find the following asymptotic equivalent for B(z) = (n + 1)B1(z) + n(n + 1)Ba(z):

k() 2
NG o) 7

In the non-generic case (x) = 0, the bound for (n + 1)B;(x) in Eq. (130) is always more stringent
than the bound for n(n + 1)Bz(z) in Eq. (136)), leading to

@) (n_MTI(ln(n))_l_MTZ) , ford > 20,
B(z) =14 O(n*(ln(n))7), ford = 20, - (138)

O (n(In(n))~?), for d < 2a,
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which prove the statements made in Theorem [3.3]

Interpretation of the bias term B(x) for k(x) # 0

Here, we assume the generic case #(x) # 0 and define f(z) = E [f(x)} . We have

Alx) = E | wi@)(f(z:) - f@)| = f) = f(x), (139)
1=0
fl@) = E D wi@)f(x:)| = (n+1E [wo(z)f(xo)] - (140)
1=0
By using another time Eq. (36), we find that
+o0
A(x) = (n+1) " (x, t)x2(x, t) dt, (141)
0
~_ nr(@) /tl e_"vdp(m)“n(%) dt, (142)
n——+00 0
(@) (143)

Comparing this result to the one of Eq. (137)), we find that the bias B(x) is asymptotically dominated
by the square of the difference A%(z) between f(z) = E {f(:c)} and f(z):

2
B@) ~ (E [f@)] - f(m)) : (144)
a statement made in Theorem [3.3]

Relaxing the local Holder condition

We now only assume the condition C’éont_ that f is continuous at x (but still assuming the growth
conditions). We can now define 4, such that the ball B(z,d) C Q° and ||y|| < §, = |flz+y)—
f(x)| < e. Then, the proof proceeds as above but by replacing K, by ¢, a,, by 0, and by updating
the bounds for x; (z,t) (for which this replacement is safe) and x2(x,t) (for which it is not). We

now find that for 0 < ¢ < ¢y, with ¢; small enough
0<xi(z,t) < e(l+2)Vyp(x)t™t, (145)

o t)| < (1 +26)Vap(a)In (1) . (146)

As already mentioned below Eq. (I123) where we provided an explicit counterexample, we see that
relaxing the local Holder condition does not guarantee anymore that lim;_,¢ |x2(z, 0)| < co. With
these new bounds, and carrying the rest of the calculation as in the previous sections, we ultimately
find the following weaker result compared to Eq. (I37) and Eq. (I38):

B(z)=o (m(ln)> , (147)

or equivalently, that for any ¢ > 0, there exists a constant N, . such that, for n > N, ., we have

B(z) <

n(n) (148)

The bias term at a point where p(x) =0

This section aims at proving Theorem expressing the lack of convergence of the estimator f ()
to f(x), when p(x) = 0, and under mild conditions. Let us now consider a point x € 952 for which
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p(x) = 0, let us assume that there exists constants 7, v, > 0, and G > 0, such that p satisfies the
local Holder condition at x

[yl <ne = plx+y) < Gyl (149)

We will also assume that the growth condition of Eq. (T12) is satisfied. With these two conditions,
k(x) defined in Eq. (124) exists. The vanishing of p at = strongly affects the behavior of ¢ (z, ) in
the limit ¢t — O, Wthh is not singular anymore:

1 () t30 ’ / o)z — ol = . (150)

where the convergence of the integral A(z) := [ p(y)|lz — y|| =@ d®y is ensured by the local Holder
condition of p at x.

Let us now evaluate f(z) = lim,,_, ., E[f(x)], the expectation value of the estimator f(x) in the
limit n — o0, introduced in Eq. (140). First assuming, x(z) = x2(x,0) # 0, we obtain

n oo 0
ty
=  lim nyel(z, 0)/ et o (.0) gy (152)
n—+o0o 0
k()
= 153
which shows that the bias term does not vanish in the limit n — +oco. Eq. (I53) can be straight-
forwardly shown to remain valid when x(xz) = 0. Indeed, for any ¢ > 0 chosen arbitrarily

small, we can choose ¢; small enough such that |xz2(z,t)| < e for 0 < t < t;, which leads to
[f(z) = f(2)] < e/A(@).

Note that relaxing the local Holder condition for p at z and only assuming the continuity
of f at x and k(z) # 0 is not enough to guarantee that f(x) # f(x). For instance, if
plx +y) ~yso po/In( ). and there exists a local solid angle w,, > 0 at x, one can show
that 1 — ¢)(x,t) ~¢—0 waSapo tIn(In(1/t)), and the bias would still vanish in the limit n — +o0,

with f(2) — f(2) ~nostoo £(2)/[waSapo In(In(n))].

A.6 Asymptotic equivalent for the regression risk

. . . . " o f
This sections aim at proving Theorem Under conditions C&_ 1> Céowins and CCont , the

results of Eq. (109) and Eq. (147) show that for p(z)o?(x) > 0 and p and o2 continuous at z, the
bias term B(x) is always dominated by the variance term V() in the limit n — +o00. Thus, the
excess regression risk satisfies

o*(z)

E[(f(2) - f(2))?]

(154)

n—stoo In(n) "

As a consequence, the Hilbert kernel estimate converges pointwise to the regression function in
probability. Indeed, for 6 > 0, there exists a constant /N 5, such that

Bl - @] < (14 8T, (155

for n > N, 5. Moreover, for any ¢ > 0, since E[(f(z) — f(x))?] > 2 P[|f(z) — f(z)] > €], we
deduce the following Chebyshev bound, valid for n > N, 5

5 1+6 o?(z)

(156)

A.7 Rates for the plugin classifier

PY =1|X =x]. Let F': R — {0,1}

In the case of binary classification Y € {0,1} and f(z) =
=6(f(z ) 1/2) where 6(-) is the Heaviside

denote the Bayes optimal classifier, defined by F'(x) :
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theta function. This classifier minimizes the risk R /1 (h) := E[1{5(x)2y1] = P[A(X) # Y] under

zero-one loss. Given the regression estimator f, we consider the plugin classifier F'(z) = 0(f(z)— ),
and we will exploit the fact that

0 < E[Roy (P())] — Ropn (F(x)) < 2E[|f(x) — £(2)]] < 2/El(f(@) — f@))2]  (157)

Proof of Eq. (I57)

For the sake of completeness, let us briefly prove the result of Eq. (I57). The rightmost inequality is
simply obtained from the Cauchy-Schwartz inequality and we hence focus on proving the first inequal-

ity. Obviously, Eq. l) is satisfied for f(x) = 1/2, for which E[Ro/l(ﬁ(x))] =Ro/1(F(x)) =
1/2.

If f(z) > 1/2, we have F'(z) = 1, Ro;1(F(z)) = 1 — f(x), and
E[Ro(F@)] = f@PBlf@) <1/2+ (- f@)Blf@)>1/2,  (58)
= Rop(F(x)) + (2f(x) = DP[f(x) < 1/2], (159)
which implies E[R, (F(2))] > Ro,1(F(x)). Since P[f(x) < 1/2] = E[§(1/2— f(x))], and using
0(1/2 — f(z)) < %, valid for any 1/2 < f(x) < 1, we readily obtain Eq. .
Similarly, in the case f(x) < 1/2, we have F'(x) = 0, ’Ro/l(F(x)) = f(z), and
E[Roy1 (F(2))] = Roja (F(x)) + (1 — 2/ (@) P[f(2) > 1/2]. (160)

Since P[f(z) > 1/2] = E[0(f(x) — 1/2)], and using 6(f(z) — 1/2) < % valid for any
0 < f(z) < 1/2, we again obtain Eq. (157) in this case.

In fact, for any o > 0, the inequalities 6(1/2 — f(z)) < <W) and 0(f(z) — 1/2) <

1/2—f(x)
use of the Holder inequality leads to

]E[RO/l(F(l'))] - R0/1(F(I))

’W) hold, respectively for f(x) > 1/2 and f(z) < 1/2. Combining this remark with the

IN

2f(2) = 1/2'E[If@) - f@)°] . 6D
20f(@) ~ 12 E[1f@) - s3], a6

for any 0 < 8 < 1. In particular, for 0 < o < 1 and 8 = /2, we obtain

IN

=3
2

0 < E[Ro/1 (F(2)] = Ropt (F(x) < 2f(2) = 121 *E[If(@) - f@)P] " (163)

The interest of this last bound compared to the more classical bound of Eq. (I57) is to show explicitly
the cancellation of the classification risk as f(xz) — 1/2, while still involving the regression risk

E {|f(x) — f(x)ﬂ (to the power o/2 < 1/2).

Bound for the classification risk

Now exploiting the results of section[A.6|for the regression risk, and the two inequalities Eq. (I57)
and Eq. (163, we readily obtain Theorem [3.9]

A.8 Extrapolation behavior outside the support of p

This section aims at proving Theorem characterizing the behavior of the regression estimator f
outside the closed support €2 of p (extrapolation).

Extrapolation estimator in the limit n — 0o
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We first assume the growth condition f o(y L)l dy < oco. For x € R? (i.e., not necessarily in

+lyll4
), we have quite generally !
A +oo
E[f@)] = 0+ DE [wo(@)f@)] = n+1) [ @ ix(end,  (6d
0
where ¢ (x, t) is again given by Eq. and
Tlwne
X(@, ) = / o+ )@+ ) d, (165)

which is finite for any ¢ > 0, thanks to the above growth condition for f.

Let us now assume that the point x is not in the closed support €2 of the distribution p (which excludes
the case 2 = R?). Since the integral in Eq. is again dominated by its ¢ — 0 behavior, we have
to evaluate 9 (x,t) and x(z, t) in this limit, like in the different proofs above. In fact, when = ¢ €,
the integral defining ¢(z, t) and x(z, t) are not singular anymore, and we obtain

L=det) ¢ [ ol =yl d, (166)

x(z,0) = / ) F@) |z — ]|~ dy. (167)

Note that ¢(x, t) has the very same linear behavior as in Eq. (150), when we assumed x € 99 with
p(x) = 0, and a local Holder condition for p at x.

Finally, by using the same method as in the previous sections to evaluate the integral of Eq. (164) in
the limit n — 400, we obtain

+oo t1

Pl td @) [ et a (168)
0 n—+o00 0

1 x(z,0)
~ — A\ 169
e [0, ) (1o

which leads to the first result of Theorem [3.10
froz) = lm E[f(2)] = Lo/ ®)llz =yl = dy (170)
- n—r+o0 fp ||’I —yl=4ddy

Note that since the function (z,y) — ||z — y||~% is continuous at all points = ¢ Q, y € €2, and

thanks to the absolute convergence of the integrals defining fo, (), standard methods show that foo
is continuous (in fact, infinitely differentiable) at all = ¢ €).

Extrapolation far from Q)

Let us now investigate the behavior of f..(z) when the distance L := d(z, Q) = inf{||z — y||, y €
Q} > 0 between x and €2 goes to infinity, which can only happen for certain 2, in particular, when €2
is bounded. We now assume the stronger condition, ( = [p)|f(y)] )| d%y < oo, such that the p-
mean of f, (f) := [ p(y)f(y) d%y, is finite. We con51der a point yg E Q so that ||z — yo|| > L > 0,

and we will exp101t the followmg inequality, valid for any y € 2 satisfying ||y — yo|| < R, with
R > 0:

L eyl -1 _ (L4 R L

0<1—- <elL —1. 171
] 7 R A a7

Now, for a given € > 0, there exist R > 0 large enough such that f\ly—yoHZR p(y)d?y < /2 and
f”?!*y()”>R p()|f(y)| d%y < /2. Then, for such a R, we consider L large enough such that the
above bound satisfies eZ' — 1 < emin(1/(|f|),1)/2. We then obtain

dR

2 sl =l = 0] < (F 1) [ il ar

+ p(y)|f ()| d%y, (173)

Hy yoll>R

i x (|f1) +

(174)

l\D\m

_2<

26



which shows that under the condition (| f|) < oo, we have

li d4(z,Q —y|~4dly = (f). 175
odm a0 [ o)l -l ity = ) (175)

Similarly, one can show that
tm ') [ pwlle ol dly = [ o)y =1 (176)

d(z,Q2)—+oo

Finally, we obtain the second result of Theorem [3.10}

li fo(2) = (f). 177
d(mjﬂl)rgmf (z) =(f) (177)

Continuity of the extrapolation

We now consider z ¢ ( and yo € 9f), but such that p(yo) > 0 (i.e., yo € IQ N ), and we note
I := |z — yo|| > 0. We assume the continuity at yo of p and f as seen as functions restricted to
Q, ie., limyeo sy, p(y) = p(yo) and limyco_y, f(y) = f(yo). Hence, for any 0 < ¢ < 1, there
exists § > 0 small enough such that y € Q and ||y — wol|| < = |p(yo) — p(y)| < € and
lo(yo) f(yo) — p(y) f(y)] < . Since we intend to take [ > 0 arbitrary small, we can impose | < §/2.

We will also assume that ¢ is smooth enough near ¥, such that there exists a strictly positive local
solid angle wy defined by

1 1

wo = lim ——— dy = lim / ddy,

* =0 Vap(yo)r /Iy—yolliv" P dy r=0 Var? Jyeq/y—yoll<r i

where the second inequality results from the continuity of p at yo and the fact that p(yo) > 0. If yo €
Q°, we have wy = 1, while for yy € 0f2, we have generally 0 < wg < 1. Although we will assume
wp > 0 for our proof below, we note that wy = 0 or wy = 1 can happen for yy € 0f2. For instance,
we can consider Q, Q1 C R? respectively defined by Qo = {(z1,22) € R?/21 > 0, |2a| < 23}
and Q; = {(z1,72) € R?/z; <0} U {(x1,22) € R?/21 >0, |z2| > 22}, Then, it is clear that the
local solid angle at the origin O = (0, 0) is respectively wg = 0 and wg = 1. Also note that if x is on
the surface of a sphere or on the interior of a face of a hypercube (and in general, when the boundary
near z is locally an hyperplane; the generic case), we have w,, = % If x is a corner of the hypercube,

we have w, = 2%

Returning to our proof, and exploiting Eq. (I78), we consider § small enough such that for all

0 <r <4, we have
/ ddy —woVyrd
y€Q/|ly—vyol|<r

We can now use these preliminaries to obtain

(p(yo) f(yo) —€)J(x) = C < /p(y)f(y)llx —yll~*d% < (p(yo) f(yo) + €)J (z) + C, (180)

(178)

< ewoVyrd. (179)

(p(yo) —€)J(x) = C" < /p(y)llw —yl™*d% < (p(yo) +€)J (z) + C', (181)

with
@ = [ e — Il d%, (182)
yeQ / |ly—yol| <
2 2
¢ = (5) / P)lf ()l d%, (183)
ly—yol||>d
2 2
c = (5)' (184)

Let us now show that lim;_,o J(z) = +00. We define N := [§/l] > 2, where [.] is the integer part,
and we have N > 2, since we have imposed [ < §/2. Forn € N > 1, we define,

I, = / dly, (185)
yeQ/|ly—yol|</n
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and note that we have

_ — d
In = Ina yGQ/Hy*yoHSé/n,dy’ (186)
lly—yoll=2d/(n+1)
5\* 5\
I, — woVy () < ewoVy (> . (187)
n n
We can then write
N
1
J@) = Y (I = Inta), (188)
n=1 l+%
N
1 1 I 1
= ;- B | It g = g (189)
= (4 :5) (1+2) N ()
We have
I I 1 1
i g 2 wVa| (- - (L4 e) o | .(190)
N+1)l
o ) ey
2d
> woVa <(1—5)3d—(1+5)> =:C", (191)

which defines the constant C”. Now using Eq. (187), I < §/2, N = [4/l], and the fact that
(14 u)? — 1 > du, for any u > 0, we obtain

ol 1 l+% i
J(z) > (1—s)ondZ( ( +1)z)d ) 1 +C, (192)

n=1 (14 =5 n+1
al 1 1,

> (175)W05dz—d+1£+c ) (193)
n=1 (1 + W)

> (1—¢)wp Sy m(N - 1)+, (194)

(1+ (N+1)l>d+1
3

2\ 5

We hence have shown that lim;_, J(2) = +o0. Note that we can obtain an upper bound for J(z)
similar to Eq. (I93) in a similar way as above, and with a bit more work, it is straightforward to show

that we have in fact J(z) ~;_0 wo Sqln (%) , a result that we will not need here.

Now, using Eq. (180) and Eq. (181) and the fact that lim; ¢ J(z) = +0o, we find that

[ @l =y ol fu0) @), (19)

/ﬂ(y)llw —yl~d%y ~ pyo)J (@), (197)

for f(yo) # O (remember that p(yo) > 0), while for f(yo) = 0, we obtain [ p(y)f(y)|lz —
y||=% d%y = o(J(x)). Finally, we have shown that

lim  fuo(z) = f(y0), (198)

z¢Q,x—yo
establishing the continuity of the extrapolation and the last part of Theorem 3.10]
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